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We consider the construction of gauge theories of gravity, focussing in particular on the extension of local
Poincare´ invariance to include invariance under local changes of scale. We work exclusively in terms of finite
transformations, which allow for a more transparent interpretation of such theories in terms of gauge fields
in Minkowski spacetime. Our approach therefore differs from the usual geometrical description of locally
scale-invariant Poincare´ gauge theory (PGT) and Weyl gauge theory (WGT) in terms of Riemann–Cartan
and Weyl–Cartan spacetimes, respectively. In particular, we reconsider the interpretation of the Einstein
gauge and also the equations of motion of matter fields and test particles in these theories. Inspired by the
observation that the PGT and WGT matter actions for the Dirac field and electromagnetic field have more
general invariance properties than those imposed by construction, we go on to present a novel alternative to
WGT by considering an ‘extended’ form for the transformation law of the rotational gauge field under local
dilations, which includes its ‘normal’ transformation law in WGT as a special case. The resulting ‘extended’
Weyl gauge theory (eWGT) has a number of interesting features that we describe in detail. In particular, we
present a new scale-invariant gauge theory of gravity that accommodates ordinary matter and is defined by
the most general parity-invariant eWGT Lagrangian that is at most quadratic in the eWGT field strengths,
and we derive its field equations. We also consider the construction of PGTs that are invariant under local
dilations assuming either the ‘normal’ or ‘extended’ transformation law for the rotational gauge field, but
show that they are special cases of WGT and eWGT, respectively.
PACS numbers: 04.50.Kd, 11.15.-q, 11.30.Cp
I. INTRODUCTION
In providing a unified framework for the description of
fundamental interactions, the gauge principle has proved
very successful. The electromagnetic, weak and strong
interactions are all described by gauge theories, and so
it is natural to consider the gauge group description of
gravitation. In the gravitational case, however, in place
of gauging an internal compact semi-simple Lie symmetry
group, one must apply the gauge principle to spacetime
symmetries, which act on spacetime coordinates as well
as on the dynamical fields.
All experiments to date show that the non-
gravitational fundamental interactions are consistent
with the underlying spacetime symmetry of the Poincare´
group, and so in attempting to develop a gauge approach
to gravitation it is most natural to begin by constructing
a physical theory invariant under local Poincare´ transfor-
mations. As in the gauging of internal symmetries, this
process requires the introduction of new, compensating
gauge fields, which represent gravitational interactions.
Following an initial attempt by Utiyama1, the idea
of gauging the Poincare´ group was fully developed by
Kibble2 (and also considered by Sciama3). The phys-
ical model envisaged in Kibble’s approach is an un-
derlying Minkowski spacetime in which a matter field
(or fields) ϕ with energy-momentum and, in general,
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spin-angular-momentum is distributed continuously. The
field dynamics are described by a matter action SM =∫
LM(ϕ, ∂µϕ) d
4x that is invariant under global Poincare´
transformations. By then demanding the matter action
be invariant with respect to (infinitesimal, passively in-
terpreted) local Poincare´ transformations, in which the
ten Poincare´ group parameters become arbitrary func-
tions of position, one is led to the introduction of the
new field variables ha
µ and Aabµ, which are interpreted
as gravitational gauge fields corresponding, respectively,
to the translational and (Lorentz) rotational parts of the
Poincare´ group. To construct a matter action that is in-
variant under local Poincare´ transformations, the gravi-
tational gauge fields ha
µ and Aabµ are used to assemble
a covariant derivative Daϕ, and the matter action in the
presence of gravity is typically obtained by the minimal
coupling procedure of replacing partial derivatives in the
special-relativistic matter Lagrangian by covariant ones,
to obtain SM =
∫
h−1LM(ϕ,Daϕ) d4x (where the factor
containing h ≡ det(haµ) is required to make the inte-
grand a scalar density rather than a scalar). As for any
gauge theory, the form of the covariant derivative de-
fines its structure, and the result in this case is known
as Poincare´ gauge theory (PGT). Kibble’s approach im-
proved considerably on the earlier work of Utiyama, who
introduced the fields Aabµ by localising just the Lorentz
symmetry, while the ha
µ were treated as given functions
of spacetime position (although at a later stage these
functions were regarded as dynamical variables).
In addition to the matter action, the total action must
also contain terms describing the dynamics of the free
gravitational gauge fields. Indeed, the choice of these
2terms defines the precise form of Poincare´ gauge the-
ory under consideration. Following the normal proce-
dure used in gauging internal symmetries, Kibble first
constructed covariant field strength tensors for the gauge
fields by commuting covariant derivatives, i.e. by consid-
ering [Da,Db]ϕ. This procedure yields two field strength
tensors: Rabcd(h,A, ∂A) corresponding to the gauge field
Aabµ arising from the (Lorentz) rotational part of the
Poincare´ group; and T abc(h, ∂h,A) corresponding to
the gauge field ha
µ arising from the translational part,
where (suppressing indices for brevity) we have indi-
cated the functional dependence of each field strength
tensor on the gauge fields and their derivatives4. It is
worth noting that each field strength tensor is linear
in the derivatives of the gauge field to which it corre-
sponds. The free gravitational action then takes the form
SG =
∫
h−1LG(Rabcd, T abc) d4x, where the Lagrangian
LG is a scalar depending on the two field strengths.
The total action is taken as the sum of the matter and
gravitational actions, and variation of the total action
with respect to the gauge fields ha
µ and Aabµ leads to
two coupled gravitational field equations in which the
energy-momentum τkµ ≡ δLM/δhaµ and spin-angular-
momentum σab
µ ≡ δLM/δAabµ of the matter field act
as sources, where LM ≡ h−1LM(ϕ,Daϕ). In contrast to
standard Yang–Mills gauge theory, in PGT one can con-
struct an invariant for use in LG that is linear in the
derivatives of the gauge fields, namely R ≡ Rabab. In-
deed, Kibble chose simply to set LG ∝ R, which defines
the so-called Einstein–Cartan (EC) theory, which, when
re-interpreted geometrically, is a direct generalisation of
general relativity to include torsion sourced by the spin-
angular-momentum (if any) of the matter field.
Following Kibble’s work, several other approaches to
gauging the Poincare´ group have been proposed, al-
though they are all closely related to his original deriva-
tion. For example, Kibble’s passive interpretation of the
transformations has been criticised by Hehl et al.5, who
reproduced Kibble’s derivation from the standpoint of ac-
tive transformations of the matter fields. In essence, Kib-
ble considered the ‘total’ variation δϕ ≡ ϕ′(x′)−ϕ(x) of
the matter fields under the action of a passive infinites-
imal local Poincare´ coordinate transformation, whereas
Hehl et al. and others6 considered instead the ‘form’ vari-
ation δ0ϕ ≡ ϕ′(x) − ϕ(x). The latter approach is closer
in spirit to the gauging of internal symmetries, since the
form variation allows one to realise the representation of
the Poincare´ group as an active transformation in the
space of the matter fields ϕ. Nonetheless, the transfor-
mation properties of the resulting gauge fields, as well
as the form of the covariant derivative, are independent
of these details, so that the final structure of the theory
is the same7. Hehl et al. further proposed that, in the
matter field transformation δ0ϕ, the partial derivative in
the translational generator be replaced by a covariant
one to preserve its geometric meaning after localisation
of the Poincare´ symmetry. It is easily shown, however,
that their new form for the variation differs from the
original δ0ϕ only by a local Lorentz transformation and,
therefore, invariance of a matter action under one form
of the variation implies invariance under the other. In
fact, it is unnecessary to consider only infinitesimal trans-
formations. Mukunda8 considered finite local passive
Poincare´ transformations and again arrived at a theory
equivalent to Kibble’s. Lasenby, Doran and Gull9 also
consider finite transformations, but interpreted actively,
and arrive at a gauge theory of gravity with the same
mathematical structure as Kibble’s theory, although for-
mulated in the powerful language of geometric algebra,
which greatly simplifies their subsequent application of
the theory to various astrophysical and cosmological sce-
narios. In essence, however, all the above formulations
are equivalent approaches to the localisation of Poincare´
symmetry. Finally, it is worth noting that the gauge ap-
proach to gravitation is naturally interpreted as a field
theory in Minkowski spacetime6,9, in the same way as the
gauge field theories describing the other fundamental in-
teractions, and this is the viewpoint that we shall adopt
in this paper. It is more common, however, to reinter-
pret the mathematical structure of PGT geometrically,
whereby ha
µ and Aabµ are considered as the components
of a vierbein system and a local spin connection, respec-
tively, in a more general Riemann–Cartan spacetime pos-
sessing non-zero curvature and torsion5. For a thorough,
modern account of the gauge approach to gravitation,
see Blagojevic10, in which many of the issues above are
discussed in some detail.
Although Kibble chose the simple gravitational La-
grangian LG ∝ R, it is clear that numerous higher-order
invariants can be constructed from the field strength ten-
sors Rabcd and T abc, and their inclusion in LG cannot
be ruled out a priori. Nonetheless, if one demands that
the dynamics of each gauge field must be determined by
a source current which corresponds to the same gauge
group generator, one is naturally led to models with a La-
grangian LG that is quadratic in the ‘curvature’ and ‘tor-
sion’. The use of terms quadratic in the field strengths
also mimics conventional gauge theory. In addition, one
can typically ensure coincidence (or small difference) of
predictions of PGT with those of general relativity in
macroscopic domains, where Einstein’s theory is satis-
factorily verified by observations and experiments, by
adding the linear Hilbert-Einstein term11,12. Hence, one
is led to consider
LG = −κ−1(Λ + aR) + LR2 + κ−1LT 2 , (1)
where κ = 8πG/c4 is Einstein’s gravitational constant,
Λ is a cosmological constant, a is a dimensionless free
parameter (which is usually positive with the sign con-
ventions adopted in this paper13), and
3LR2 = α1R2 + α2RabRab + α3RabRba + α4RabcdRabcd + α5RabcdRacbd + α6RabcdRcdab, (2)
LT 2 = β1TabcT abc + β2TabcT bac + β3TaT a, (3)
in which the αi and βi are also dimensionless free parame-
ters. Note that pseudoscalar terms have been omitted by
requiring parity invariance; parity-odd terms have been
investigated previously12,14–16 and may, in principle, be
included in the free-gravitational Lagrangian, but we do
not consider them here. Also, one may use the gener-
alised Gauss–Bonnet identity to set one of α1, α3 or α6
to zero, without loss of generality. We have written LG
in the form (1) so that, in natural units (c = ~ = 1,
which we will adopt throughout), it has dimensions of
(length)−4, and hence the corresponding action SG is di-
mensionless; note that in natural units κ has dimensions
of (length)2 and Λ has dimensions of (length)−2.
In general, the equations of motion resulting from
(1) contain derivatives of the gauge fields of no higher
than second order. Indeed, restricting the Lagrangian to
be at most quadratic in the field strengths, and hence
at most quadratic in the first derivatives of the gauge
fields, ensures one satisfies the so-called pseudolinear-
ity hypothesis17, which suggests that the field equations
should be linear in the highest (i.e. second) order deriva-
tives of the gauge fields18. Most importantly, the ab-
sence from the equations of motion of higher-order time
derivatives of the fields ensures that such theories do not
suffer from Ostrogradsky’s instability19,20, wherein the
corresponding Hamiltonian is not bounded from below,
so the energy of the system can take an arbitrarily neg-
ative value. While such a system for a free theory is not
pathological, when it is coupled to a normal (matter) sys-
tem with positive energy, the total system can ‘evaporate’
into excitations of positive and negative energy degrees
of freedom. Ostrogradsky’s instability is a quite generic
feature of higher-derivative theories and may explain why
Nature is described by theories having second-order equa-
tions of motion. We note that, although there are 40 dy-
namical variables ha
µ (or, equivalently, the components
baµ of the inverse h-field) and A
ab
µ, the ‘curvature’ and
‘torsion’ field strengths are defined in terms of their anti-
symmetric derivatives and so do not depend on the time
derivatives of ba0 and A
ab
0; thus 10 of the field equa-
tions represent constraints on initial data. Among the
remaining 30 variables baα and A
ab
α (α = 1, 2, 3), one
can impose 10 gauge conditions by fixing the 10 parame-
ters of the local Poincare´ symmetry, reducing the number
of independent variables to 20.
The large number of free parameters in LG clearly of-
fers many possibilities for constructing PGTs. For exam-
ple, one of the simplest generalizations of EC theory is the
so-called R+T 2 theory, for which LG = κ−1(aR+LT 2).
Like EC theory, however, this generalisation does not
contain a kinetic part for the rotational gauge field Aabµ,
so that the equations of motion couple the translation
gauge field strength T abc (or the torsion in the geomet-
rical reinterpretation of PGT) algebraically to the spin
density of the matter field; hence the ‘torsion’ is a non-
propagating field, i.e. it must vanish outside of any mat-
ter sources. In a dynamical sense, therefore, EC and
R+T 2 theories are incomplete: the rotational gauge field
Aabµ is introduced as an independent field, but the dy-
namics imposes an algebraic relation between the A-field
and the matter spin-density. The A-field becomes fully
dynamical only through the quadratic ‘curvature’ terms
in LR2 , in which case the ‘torsion’ becomes a propagating
field. Consequently, a number of R + R2-type theories
have been investigated, as have R2 + T 2 theories21. It
is worth mentioning that the latter allow the possibil-
ity of repulsive torsion interactions at small distances,
which may prevent gravitational collapse to infinite mat-
ter densities22. A summary of the properties of general
R+R2 + T 2 theories is given by Obukhov et al.12. The
properties of even more general actions, and the coupling
to matter fields, have been discussed23. In broad terms,
if LG consists of R and T 2 terms, then it contains dimen-
sional constants, which is not an attractive property for
quantisation. On the other hand, the R2 terms contain
dimensionless constants, but the classical limit of theories
without the linear curvature term R is questionable10.
Despite the advantages of the above framework for con-
structing LG, certain general difficulties do arise that go
beyond merely the paucity of guiding physical princi-
ples for elucidating the magnitude or origin of the many
free parameters in LG, or the algebraic complexity of
the resulting field equations. For example, although the
field equations that follow from the variational princi-
ple are of second differential order, if one substitutes for
the rotational gauge field Aabµ in terms of ha
µ one can
rewrite them in a form that contains third-order deriva-
tives, and it becomes difficult to assess whether they are
well-posed24. A judicious choice of the parameters in LG
can eliminate such higher derivatives from the theory25,
although the resulting theories are not without their dif-
ficulties, such the lack of a sensible Newtonian limit or
well-defined initial value problem26. Nonetheless, the
general structure of the equations of motion has been
analysed to clarify the evolution of given initial data, i.e.
the Cauchy problem. Of the 40 equations of motion, it is
found that 10 represent constraints on the initial data, as
mentioned above, and the remaining 30 define a consis-
tent time evolution of the dynamical variables provided
that the parameters a, αi and βi in the Lagrangian LG
obey certain conditions27.
In assessing various PGTs as candidate theories of
gravitation, however, the issues of greatest interest are
renormalisability and unitarity, both of which can be in-
vestigated by examining the particle content of the the-
ory. This is performed by first linearizing the 40 gauge
4fields hµa and A
ab
µ about the trivial vacuum solution to
the field equations and retaining only those terms in the
Lagrangian LG that are bilinear in the linearized gauge
fields to obtain L
(2)
G . After transforming to momentum
space, one chooses covariant basis states, so that L
(2)
G ,
when considered as a 40 × 40-matrix in field space, be-
comes mostly zeroes. The covariant basis states are con-
structed using k-space projection operators28, which de-
compose the linearised gauge fields into tensors that re-
duce to states of definite spin-parity JP in a ‘rest-frame’
where ka has only a time component, and are thus ir-
reducible representations of the Poincare´ group. One
finds that of the 20 independent degrees of freedom in
the gauge fields, two correspond to the massless gravi-
ton (with spin-parity JP = 2+) and the decomposition
of Aabα (α = 1, 2, 3) yields (in general, massive) tordions
(or rotons) with spin-parities of JP = 2±, 1±, 0±, with
2(5 + 3 + 1) = 18 degrees of freedom. The propagator is
simply (minus) the inverse of the terms in the resulting
bilinear Lagrangian29.
For a theory to be unitary, its particle spectrum must
be free from ghosts (particles with negative definite free-
field energy, which destroys the unitarity of the S matrix)
and tachyons (particles which propagate faster than light
and therefore violate causality). One can check for ghosts
or tachyons by examining the residues and locations of
the propagator poles, which generally depend in a com-
plicated way on all the parameters a, αi and βi in the
original Lagrangian LG. The condition for no tachyons is
that the propagator has first-order poles for non-negative
k2, whereas the condition for no ghosts is that the ma-
trix of the residues at the poles is positive definite. In
other words, each element of the diagonalized propaga-
tor must be of the form −R/(k2 −m2) with R > 0 and
m2 ≥ 0 (assuming a ‘mostly minus’ metric signature).
These requirements follow from the spectral representa-
tion of the vacuum expectation value of the time-ordered
product30. In PGT, for the general case in which all the
tordion modes are massive, there exist ranges of values of
the parameters in LG (that divide into 5 broad classes)
for which the resulting PGT is indeed unitary31. If one
further requires that the torsion propagates, one finds
that there are 12 six-parameter Lagrangians that lead to
unitary theories32. For the special case in which there are
massless tordion modes, and hence the possibility of long-
range torsion effects, it is important to take into account
the transversality relations between residues (for exam-
ple, they are needed to eliminate ghosts from general rel-
ativity). In this case, the results are not so complete18,33.
Nonetheless, at least one 3-parameter Lagrangian exists
that propagates (only) a massless JP = 1− tordion and
results in a unitary theory32. It is worth noting that
a generic feature of massless tordion Lagrangians is the
appearance of extra gauge symmetries. The introduction
of a scalar field allows for a still larger choice of unitary
Lagrangians34.
For a theory to be power-counting renormalisable, one
requires good high-energy behaviour of the propagators
for its constituent particles. In particular, in all spin
sectors, the propagators for the graviton should behave
as ∼ 1/k4, whereas those for the tordions should be
∼ 1/k2, since tordion vertices are better behaved than
those of gravitons29,31,35. Pure 1/k4 poles can occur in
PGT, but are forbidden since they give rise to field modes
with free-field energies not bounded from below (‘dipole-
ghosts’)36. Nonetheless, the PGT propagator also has
pole structures of the form (k2 − m21)−1(k2 − m22)−1 =
(m22 − m21)−1[(k2 − m22)−1 − (k2 − m21)−1]. These can
be tolerated in lower spin-sectors, since the resulting
ghost mode may be compensated by lower-spin terms in
the higher-spin projection operators. This cannot oc-
cur in the spin-2 sector, however, and so any power-
counting renormalizable PGT will have ghosts in the
spin-2 sector37. Conversely, to remove the ghosts, the
∼ 1/k4 propagators must cancel, making the theory
power-counting non-renormalizable. Indeed, for unitary
massive-tordion Lagrangians, the graviton propagator
goes ∼ 1/k2 and the tordion propagator tends to a con-
stant at high energies. For the massless propagating
JP = 1− tordion Lagrangian, however, the tordion prop-
agator goes as ∼ 1/k2, leading to improved ultraviolet
behaviour32. Although power-counting renormalizable
PGTs are not unitary, and vice-versa, it still remains pos-
sible that unitary PGTs are renormalizable when higher-
order loops are taken into account, but relatively little
is known. It has been shown38 that, in the absence of
torsion, R+R2 theories are renormalizable (but not uni-
tary). The renormalisability of EC theory and the quan-
tum effect of quadratic torsion terms at one-loop level
have been investigated6,39. More innovative approaches
to quantisation of PGT have been pursued40,41, but are
also problematic42.
The lack of a clear route to quantising PGT has led to
interest in imposing extra gauge symmetries beyond lo-
cal Poincare´ symmetry, since this could, in principle, lead
to surprises that might allow for a simultaneously uni-
tary and renormalizable theory31,43, without having to
resort to non-local theories44–46. In particular, perhaps
the most natural extension of PGT is also to demand
local scale invariance, which might resolve some of the
problems outlined above47, since such theories contain
no absolute energy scale. It should be noted, however,
that scale invariance defines an unacceptable transforma-
tion law for particle masses. If scale invariance were to
hold in Nature it would imply that the mass spectrum is
either continuous (if m2 6= 0) or all the masses vanish.
Thus scale invariance must be a broken symmetry in a
world with non-vanishing, discrete particle masses.
The most direct approach to constructing gauge theo-
ries of gravity that are invariant under local changes of
scale, in addition to local Poincare´ transformations, is to
gauge the Weyl group W(1,3), which extends Poincare´
symmetry to include scale invariance and is a sub-group
of the full conformal group C(1,3)48–50. This may be for-
mulated in a number of ways, e.g. by considering the
Weyl transformations as active or passive, infinitesmial
5or finite, but they are all essentially equivalent. As in
PGT, one assumes the physical model of an underly-
ing Minkowski spacetime in which a continuum matter
field (or fields) ϕ with energy-momentum and, in gen-
eral, spin-angular-momentum is distributed continuously.
Now, however, the field dynamics are described by a mat-
ter action SM =
∫
LM(ϕ, ∂µϕ) d
4x that is invariant under
global Weyl coordinate transformations, which imposes
much more severe constraints on the form of the action.
By then demanding the matter action to be invariant
with respect to local Weyl transformations, in which the
eleven Weyl group parameters become arbitrary func-
tions of position, one is again led to the introduction of
gauge fields ha
µ and Aabµ (although the transformation
rules of the former are different to those in PGT) and also
a new gravitational gauge field Bµ corresponding to the
dilation part of the Weyl group51–53. Similar to PGT, the
gravitational gauge fields ha
µ, Aabµ and Bµ are used to
assemble a covariant derivative D∗aϕ, and the matter ac-
tion in the presence of gravity is obtained by the minimal
coupling procedure, so that SM =
∫
h−1LM(ϕ,D∗aϕ) d4x.
It should be noted, however, that the requirement of lo-
cal scale invariance imposes tight constraints on the pre-
cise form of LM. In particular, since h
−1 has a Weyl
(or conformal) weight w(h−1) = 4 (see Section II B), the
Lagrangian LM must have a weight w(LG) = −4.
As in PGT, the action term describing the dynam-
ics of the free gravitational gauge fields is assembled
by first constructing covariant field strength tensors for
the gauge fields by commuting covariant derivatives, i.e.
by considering [D∗a,D∗b ]ϕ. One obtains Rabcd(h,A, ∂A)
and T ∗abc(h, ∂h,A,B) as before (but where the form
of the latter differs from that in PGT) and an addi-
tional field strengthHab(h, ∂B) corresponding to the new
gauge field Bµ arising from the dilation part of the Weyl
group (we have again indicated the functional depen-
dence of each field strength tensor on the gauge fields
and their derivatives, suppressing indices for brevity).
As in PGT, each field strength tensor is linear in the
derivatives the gauge field to which it corresponds. The
free gravitational action then has the general form SG =∫
h−1LG(Rabcd, T ∗abc,Hab) d4x. As usual, the total ac-
tion is taken as the sum of the matter and gravitational
actions, and variation of the total action with respect to
the gauge fields ha
µ, Aabµ and Bµ leads to three cou-
pled gravitational field equations in which the energy-
momentum τkµ ≡ δLM/δhaµ, spin-angular-momentum
σab
µ ≡ δLM/δAabµ and dilation current ζµ ≡ δLM/δBµ
of the matter field act as sources.
The free gravitational Lagrangian LG must also have
a Weyl (conformal) weight w(LG) = −4, which places
tight constraints on its form. It is easily shown that
w(Rabcd) = w(Hab) = −2 and w(T ∗abc) = −1, which
means that LG can be quadratic in Rabcd and Hab, while
terms linear in R ≡ Rabab or quadratic in T ∗abc are
not allowed, despite them transforming covariantly under
local Weyl transformations. Thus, in WGT, the general
form of LG, possessing terms no higher than quadratic
order in the field strengths, and hence at most quadratic
in the first derivatives of gauge fields, is of R2+H2 type:
LG = α1R2+α2RabRab+α3RabRba+α4RabcdRabcd+α5RabcdRacbd+α6RabcdRcdab+ ξHabHab ≡ LR2 +LH2, (4)
where the αi and ξ are dimensionless free parameters.
Once again pseudo-scalar terms have been omitted by
requiring parity invariance, and one may use the gener-
alised Gauss–Bonnet identity to set one of α1, α3 or α6
to zero, without loss of generality. Evidently, local Weyl
invariance removes many of the possibilities that exist
in PGT; essentially the R and T ∗2 terms, which possess
dimensional constants, are forbidden.
Although the requirement that each term in the to-
tal Lagrangian must have a Weyl weight w = −4 clearly
places quite restrictive conditions on its form, one can
construct further Weyl-covariant terms with the appro-
priate weight for inclusion in the Lagrangian by in-
troducing an additional massless scalar field (or fields)
φ with Weyl weight w(φ) = −1, often termed the
compensator(s)10. This opens up possibilities for the in-
clusion of further action terms in which the scalar field is
non-minimally (conformally) coupled to the field strength
tensors of the gravitational gauge fields, combined (usu-
ally) with an additional free kinetic term for φ. For ex-
ample, terms proportional to φ2R or φ2LT ∗2 are Weyl-
covariant with weight w = −4 and so may be added to
the total Lagrangian. The inclusion of the term φ2R has
been widely investigated54,55, whereas the phenomeno-
logical value of the φ2LT ∗2 terms has received relatively
little attention56,57. In any case, the resulting total La-
grangian is at most quadratic in the first derivatives of
the gauge fields, thereby satisfying the pseudolinearity
hypothesis that field equations be linear in the second-
order derivatives of the gauge field, and hence ensuring
that such theories do not suffer from Ostrogradsky’s in-
stability.
The inclusion of scalar fields also allows for more
flexibility in the allowed forms of the matter energy-
momentum tensor. Let us take as an example the ac-
tion for a free Dirac field ψ, which has Weyl weight
w(ψ) = w(ψ¯) = − 32 . This action is not scale-invariant
owing to the mass term mψ¯ψ, so it appears that one re-
quires the field to be massless, which clearly cannot de-
scribe ‘ordinary’ matter. One may reach the same conclu-
sion by noting that in WGT the trace of the total matter
energy-momentum tensor must equal the covariant di-
vergence of the dilation current10 ζµ ≡ δLM/δBµ. In
the case of Dirac matter, the Lagrangian resulting from
6gauging the Weyl symmetry, curiously, does not contain
the dilation gauge field Bµ. Hence, for Dirac matter on
its own, the energy-momentum tensor of ψ must be trace-
less, which again requires the field to be massless. These
difficulties can be circumvented, however, by making the
replacement mψ¯ψ → µφψ¯ψ in the Dirac action, where µ
is a dimensionless parameter but µφ has the dimensions
of mass in natural units. Although the trace of the total
energy momentum tensor of the ψ and φ fields must still
vanish, the energy-momentum tensor of the Dirac mat-
ter field ψ itself need not be traceless, thereby allowing
it to be massive. Indeed, this approach to the construc-
tion of gauge theories of gravity that are scale-invariant
but, at the same time, are able to accommodate ‘ordi-
nary’ matter was first explored by Dirac54 in the context
of attempting to establish a deeper physical understand-
ing of his ‘large numbers hypothesis’ relating microscopic
(quantum) and macroscopic (gravitational) scales. In
particular, Dirac hoped that the additional scalar field φ
might provide a time-dependent coupling of gravitation
to matter, hence allowing the Newtonian gravitational
‘constant’ G to vary with cosmic epoch. This idea can
be naturally accommodated in the framework of WGT58
(and extended to include non-zero torsion, which was as-
sumed to vanish by Dirac).
In general, the introduction of scalar matter fields in
WGT, and scale-invariant theories more generally, is also
important since they provide a natural means for sponta-
neously breaking the scale symmetry, which is necessary
to achieve an acceptable long-range limit. The approach
most commonly adopted is to use local scale invariance to
set the compensator scalar field φ to a constant value in
the resulting field equations, which is known as the Ein-
stein gauge. Setting φ = φ0 in the equation of motion
for the Dirac field ψ, for example, leads to its interpre-
tation as a massive field with m = µφ0. It is usually
considered that setting φ = φ0 represents the choice of
some definite scale in the theory, thereby breaking scale-
invariance. Indeed, it is often given the physical interpre-
tation of corresponding to some spontaneous breaking of
the scale symmetry (where Nature chooses the gauge).
As we show in Section II L, however, this interpretation
is questionable. In particular, we demonstrate in WGT
that the equations of motion in the Einstein gauge are
identical in form to those obtained when working in scale-
invariant variables, where the latter involves no breaking
of the scale symmetry. This suggests that one should
introduce further scalar fields, in addition to the com-
pensator field φ, to enable a true physical breaking of
the scale symmetry.
In general, the phenomenology of WGT is far less well
understood than that of PGT. As for PGT, the pres-
ence of R2 terms in the action improves the quantum
renormalisability of such theories, but can again lead to
problems with unitarity10. These issues, as well as the
stability of the ground state, have yet to be resolved,
but the development of a full phenomenological basis for
WGT remains of considerable theoretical interest.
In this paper, however, our primary aim is to present a
novel alternative to WGT by considering a more general
‘extended’ transformation law for the rotational gauge
field under local dilations, which includes its ‘normal’
transformation law in WGT as a special case. This is
motivated by the observation that the PGT (and WGT)
matter actions both for the Dirac field and the electro-
magnetic field are already invariant under local dilations
if one assumes this ‘extended’ transformation law, in the
same way as they are for the ‘normal’ transformation law
assumed in WGT. Moreover, under a global scale trans-
formation, the two transformation laws coincide, and so
both may be considered as an equally valid gauging of
global Weyl scale invariance. The key difference between
the two sets of transformations is that, whereas under
the ‘normal’ Weyl transformations the PGT gauge fields
ha
µ and Aabµ transform covariantly with weights of w,
−1 and 0, respectively, under the ‘extended’ transforma-
tions the rotational gauge field Aabµ transforms inhomo-
geneously. This also has the consequence that the trans-
formation properties of the PGT rotational gauge field
strength (or ‘curvature’) Rabcd and translational gauge
field strength (or ‘torsion’) Tabc are treated in a more
balanced manner. The resulting ‘extended’ Weyl gauge
theory (eWGT) has a number of interesting features that
we describe in detail, although we focus here only on its
formal description and postpone a full discussion of its
application and phenomenology to future publications.
Finally, it is worth mentioning that one can also con-
struct gauge theories of gravity that are invariant un-
der local changes of scale (assuming either the normal
or extended transformation law for the rotational gauge
field), in addition to local Poincare´ transformations, with-
out gauging the Weyl group. Instead, one works entirely
in terms of PGT objects, such as matter fields ϕ and their
PGT covariant derivatives Daϕ, the PGT gauge field
strengths Rabcd and T abc (or even their simpler counter-
parts in the absence of ‘torsion’), and a (compensator)
scalar field φ (as discussed above). These are used to con-
struct terms in the free gravitational and matter actions
that individually are not necessarily invariant (or even
covariant) under (extended) local scale changes, but by
taking the appropriate linear combinations of such terms,
it is possible to arrive at a free gravitational action and
matter action that are locally scale-invariant (and hence
so is the total action)59–62,89.
The remainder of this paper is arranged as follows.
In Section II, we establish our general approach to con-
structing locally scale-invariant gauge theories of gravity
by giving a brief outline of the mathematical structure of
WGT, but in a way not usually presented in the litera-
ture. In particular, we maintain throughout the notion of
ha
µ, Aabµ andBµ as gauge fields in Minkowski spacetime,
rather than adopting the more usual geometric interpre-
tation of WGT in terms of the curvature and torsion of a
Weyl–Cartan Y4 spacetime (although we do give a brief
account of the latter); this is in keeping with the gauge
field theories describing the other fundamental interac-
7tions and has some non-trivial consequences. We also
work exclusively in terms of finite local Weyl transfor-
mations, rather than their usual infinitesimal forms; the
former allows, in our view, for a more transparent inter-
pretation of WGT. We also make some observations that
differ from typical accounts of the subject, in particular
regarding the interpretation of the Einstein gauge and
also the equations of motion of matter fields and test par-
ticles. In Section III, we present our novel alternative to
WGT, obtained by demanding invariance under a more
general form for the transformation law of the rotational
gauge field under local dilations, and describe the general
properties of the resulting ‘extended’ Weyl gauge theory
(eWGT); we also discuss its interpretation in terms of
a new spacetime geometry (that we term Ŷ4), which is
an extended form of Weyl–Cartan Y4 spacetime. In Sec-
tion IV, we present a new scale-invariant gauge theory
of gravity that can accommodate ordinary matter, and
is defined by the most general eWGT Lagrangian that is
at most quadratic in the eWGT field strengths, and we
derive its field equations. In Section V, we briefly dis-
cuss the construction of PGT actions that are invariant
under local dilations. We conclude in Section VI. In ad-
dition, we include six appendices. Appendix A presents
a re-expression of the special-relativistic Lagrangian of
a Dirac field, which lends itself to the development of
a semi-classical description of a spinning point particle,
which we will use as our model of ‘ordinary’ matter. Ap-
pendix B provides a brief description of PGT as a spe-
cial case, with appropriate notational modifications, of
our discussion of WGT in Section II, and Appendix C
summarises the particular PGT originally considered by
Kibble, namely Einstein–Cartan theory. In Appendix D,
as an example of a WGT, we describe the first proposed
scale-invariant theory of gravity that can accommodate
‘ordinary’ matter, which was explored by Dirac54, but
extend it to include non-zero torsion. In Appendix E,
we present an alternative approach to deriving the form
of the covariant derivative in eWGT, which is comple-
mentary to that presented in Section III. Finally, in Ap-
pendix F, we present a summary of our notation. The
phenomenology of eWGT and its application to astro-
physics and cosmology will be described in forthcoming
papers.
II. WEYL GAUGE THEORY
As discussed in the Introduction, the minimal and per-
haps most natural extension of PGT is based on gauging
the Weyl group W(1,3), which extends Poincare´ symme-
try to include scale invariance. Thus, in traditional Weyl
gauge theory (WGT), in addition to local Poincare´ sym-
metry, one also demands invariance under local change
of scale. We give an account of the mathematical struc-
ture of WGT here. In particular, we will interpret Weyl
transformations passively, but consider them in their
more transparent finite form, rather than as infinitesi-
mal transformations. The notation used broadly follows
Kibble2 and Mukunda8. It is worth noting that, with
appropriate notational modifications, the following dis-
cussion also serves as an account of PGT, which may
be considered as a special case of WGT, as described in
Appendix B.
A. Global Weyl invariance
We begin with a Minkowski spacetime M, labelled
using Cartesian inertial coordinates xµ, on which the
dynamics of some multiplet of ‘matter’ (i.e. non-
gravitational) fields ϕ(x) is described by a matter action
SM =
∫
LM(ϕ, ∂µϕ) d
4x, (5)
that is invariant under global Weyl transformations,
which imposes much more severe constraints on the form
of the action than those required by mere global Poincare´
invariance. We denote the coordinate basis vectors by
eµ, which are tangents to the coordinate curves and for
Cartesian inertial coordinates satisfy eµ ·eν = ηµν , where
ηµν = diag(1,−1,−1,−1). At each point of M, we can
also define a local Lorentz reference frame, unrelated to
the coordinates xµ, which is represented by an orthonor-
mal tetrad eˆa(x), such that eˆa · eˆb = ηab. In global
Cartesian inertial coordinates xµ, we can always choose
the tetrad such that it coincides with a coordinate frame
eµ(x), i.e. eˆa = δ
µ
aeµ. We will adopt the common con-
vention that Latin indices refer to local tetrad frames,
while Greek indices refer to coordinate frames.
We suppose that our multiplet of matter fields ϕ(x)
belongs to some representation of the Weyl group.
More precisely, we replace the usual Lorentz subgroup
SO(3, 1) by SL(2, C), so that spinor fields can be
accommodated63. Indeed, by expressing ϕ(x) in its 2-
spinor form, for example, one can always ensure that its
components carry no coordinate (Greek) indices. Such an
approach can be rather cumbersome, however, and so we
adopt a more straightforward notation in which the mat-
ter field components {ϕa(x)} simply carry a generic Ro-
man index (or set of indices) to denote that they are ‘re-
ferred to’ a local Lorentz frame. Thus, matter field com-
ponents (which may be expressed in 2-spinor, 4-spinor or
4-tensor form, as is most convenient) behave as scalars
under a change of coordinates, but transform under a
corresponding rotation of the local tetrad frames (such
that they coincide with the new coordinate frame at each
point) or physical dilations according to their SL(2, C)
representation and Weyl weight (see below), respectively.
This distinction will become important shortly, when we
consider localising the Weyl symmetry.
Thus, under a global Weyl transformation
x′
µ
= eρ(Λµνx
ν + aµ), (6)
the multiplet of matter fields transforms via
ϕ′(x′) = ewρS(Λ)ϕ(x), (7)
8where S(Λ) is the matrix corresponding to the element Λ
of the Lorentz group (or SL(2,C) group) in the represen-
tation to which ϕ(x) belongs (we have suppressed Lorentz
indices on these objects for notational simplicity), and w
is the Weyl (or conformal) weight of the field ϕ(x). More-
over, the derivatives of the matter fields transform as
∂′µϕ
′(x′) = e(w−1)ρΛµ
νS(Λ)∂νϕ(x). (8)
It is worth briefly considering in an explicitly geo-
metrical manner the dilation part of the Weyl trans-
formation, i.e. with Λµν = δ
µ
ν and a
µ = 0 in (6) and
(7). This transformation may be considered as consist-
ing of two distinct parts. The first part physically (ac-
tively) dilates the Minkowski spacetime such that the
distance between any two points is increased by a fac-
tor eρ. Adopting global inertial coordinates, such that
ds2 = ηµν dx
µ dxν , the metric must therefore transform
according to ηµν → γµν = e2ρηµν . Hence, under this
active dilation the metric has a Weyl weight of w = 2.
Note, however, that no coordinate transformation has
occurred, since every point in the spacetime still has its
original coordinate labels; one may consider the coordi-
nates as being ‘embedded’ in the spacetime as it dilates.
The second part of the transformation consists of a co-
ordinate transformation x′µ = eρxµ, which ‘shrinks’ the
coordinate system back to its original ‘size’. Under this
coordinate transformation, γ′µν = e
−2ργµν = ηµν and so,
overall, the metric remains unchanged. This distinction
between the two parts of the Weyl dilation will become
important when we localise the Weyl symmetry, at which
point they decouple completely.
For invariance of the matter action under a global Weyl
transformation (6) (for which the Jacobian equals e4ρ), a
sufficient condition is that the matter Lagrangian density
satisfies
LM(ϕ
′(x′), ∂′µϕ
′(x′)) = e−4ρLM(ϕ(x), ∂µϕ(x)), (9)
where the arguments on the LHS are given by (7) and
(8), respectively.
For our later purposes, it is useful to consider the
concrete examples provided by the standard special-
relativistic matter Lagrangians for a massive free scalar
field, a massive free Dirac field and the electromagnetic
field, respectively. For a (real) free scalar field φ of mass
m, one has the Klein–Gordon Lagrangian
LKG =
1
2η
µν∂µφ∂νφ− 12m2φ2, (10)
and under the dilation part of a Weyl transformation (6–
7), one thus obtains
L′KG =
1
2γ
′µν∂′µφ
′ ∂′νφ
′ − 12m2φ′2
= 12e
2(w−1)ρηµν∂µφ∂νφ− 12m2e2wρφ2. (11)
For invariance of the corresponding matter action, one
requires (9) to hold. Thus, the free scalar field action is
dilation invariant only for m = 0 and provided the Weyl
weight of the field is taken as w(φ) = −1.
One can perform a similar analysis for the Lagrangian
for a classical Dirac field ψ of mass m, which is given
by64
LD =
1
2 i[ψ¯γ
µ∂µψ−(∂µψ¯)γµψ]−mψ¯ψ ≡ 12 iψ¯γµ
↔
∂µψ−mψ¯ψ.
(12)
where the kinetic energy term is written so as to ensure it
is always real (and the sign ensures the terms contribute
positive energy on quantisation). Under a dilation trans-
formation, one obtains
L′D =
1
2 iψ¯
′γµ
↔
∂′µψ
′ −mψ¯′ψ′
= 12 ie
(2w−1)ρψ¯γµ
↔
∂µψ −me2wρψ¯ψ. (13)
Demanding (9) to hold, one thus finds that the Dirac
action is dilation invariant only for m = 0 and pro-
vided the Weyl weight of the Dirac field is taken as
w(ψ) = w(ψ¯) = − 32 , which is consistent with the inter-
pretation of ψ¯ψ as a number density. As mentioned in the
Introduction, however, one can circumvent this restric-
tion to a massless Dirac field by introducing a massless
scalar field φ and making the replacementmψ¯ψ → µφψ¯ψ
in the Dirac Lagrangian, where µ is a dimensionless pa-
rameter, combined usually with an additional kinetic
term for φ. One thus obtains
LM =
1
2 iψ¯γ
µ
↔
∂µψ +
1
2∂µφ∂
µφ− µφψ¯ψ, (14)
which is easily shown to be invariant under a dilation
transformation and describes a massless Dirac field in-
teracting with a massless scalar field. If one then adopts
the Einstein gauge φ = φ0 in the resulting field equa-
tions, however, one may interpret ψ as a massive field
with m = µφ0.
Finally, we consider the electromagnetic field Aµ
(which should not be confused with the ‘rotational’
gravitational gauge field Aabµ), for which the special-
relativistic Lagrangian is given by
LEM = − 14FµνFµν − JµAµ (15)
where Fµν ≡ ∂µAν − ∂νAµ and Jµ is some source cur-
rent density. Under a dilation transformation, one thus
obtains
L′EM = − 14F ′µνF ′µν − J ′µA′µ
= − 14e2(w−1)ρFµνFµν − e(w+wJ )ρJµAµ, (16)
where w and wJ are the Weyl weights of Aµ and Jµ
respectively. Thus we see that the Lagrangian satisfies
(9), provided that w(Aµ) = −1 and w(Jµ) = −3. It is
worth noting that the Dirac current Jµ ≡ ψ¯γµψ satisfies
this requirement.
B. Local Weyl invariance
In order to gauge the Weyl transformation (6–7), one
makes each of the six Lorentz rotation parameters in Λ,
9the four translation parameters aµ and the dilation pa-
rameter ρ into eleven independent arbitrary functions of
x. This leads to a complete decoupling of the translation
parts of the transformation from the rotational and di-
lation parts. Thus, it is customary to view x′ as arising
from a general coordinate transformation (GCT) (result-
ing in a consequent change in the coordinate basis vectors
eµ(x) at each point), which does not refer at all to the
local Lorentz rotation Λ(x) of the orthonormal tetrad
eˆa(x), or local (physical) dilation ρ(x), at each point.
The local Lorentz rotation is still an element of SO(3, 1)
(or more precisely SL(2, C)) for each x, and the basic
transformation law for ϕ involves a local shuﬄing and
scaling of components given by
ϕ′(x′) = ewρ(x)S(Λ(x))ϕ(x). (17)
Since the GCT and the local Lorentz rotation are com-
pletely decoupled it is convenient (and common practice)
to use Greek indices on spacetime coordinates xµ and
components of the GCT, but use Latin indices for local
Lorentz rotations Λab(x). This means that any spinor,
vector or tensor character that ϕ has in the special-
relativistic theory now appears in its local Lorentz trans-
formation law, so that under a GCT each component
of ϕ (carrying only Latin indices) behaves as a scalar
field. Consequently, the partial derivative, ∂µϕ, is co-
variant under GCT. We note that lowering and raising
of Latin indices is performed using the Minkowski met-
ric ηab = η
ab = diag(1,−1,−1,−1), whereas Greek in-
dices are raised and lowered using the (flat-space) met-
ric γµν = eµ · eν and its inverse γµν corresponding to
the coordinate system xµ used to label the Minkowski
spacetime. In particular, the duals of the orthonormal
tetrad vectors and the coordinate basis vectors are given
by eˆa = ηabeˆb and e
µ = γµνeν , respectively. Moreover,
the decoupling of the GCT from the local Lorentz rota-
tion and local dilation transformations, means that the
metric γµν of the Minkowski spacetime obeys the trans-
formation law
γ′µν(x
′) =
∂xλ
∂x′µ
∂xσ
∂x′ν
e2ρ(x) γλσ(x). (18)
From (17), we see that the transformation law for the
derivatives of ϕ under the gauged Weyl transformation
is given by
∂′µϕ
′(x′) =
∂xν
∂x′µ
ewρ(x)[S(Λ(x))∂νϕ(x) + ∂νS(Λ(x))ϕ(x) + w ∂νρ S(Λ(x))ϕ(x)]. (19)
In order to take advantage of the property (9), we need
to construct a covariant derivative that transforms like
(8) under local Weyl transformations. This is achieved in
two steps. Firstly, one defines the (Λ, ρ)-covariant deriva-
tive of the matter field as65
D∗µϕ(x) ≡ [∂µ + 12Aabµ(x)Σab + wBµ(x)]ϕ(x)
= [Dµ + wBµ(x)]ϕ(x), (20)
where Dµϕ(x) is the Λ-covariant derivative introduced
in PGT; the asterisk on the derivative operator on the
left-hand side is intended simply to distinguish it from
Dµϕ(x), and should not be confused with the operation
of complex conjugation. Most importantly, Aabµ(x) is
the gauge-field corresponding to the local Lorentz rota-
tions and Bµ(x) is the gauge-field corresponding to local
dilations. The matrices Σab = −Σab are the generators of
the SL(2, C) representation S(Λ) to which ϕ(x) belongs,
obeying the usual commutation rules
[Σab,Σcd] = ηadΣbc − ηbdΣac + ηbcΣad − ηacΣbd. (21)
Given the antisymmetry of the generator matrices Σab,
without loss of generality we may take the A gauge field
to share this antisymmetry property, such that Aabµ =
−Abaµ. The aim of introducing the A and B gauge fields
is to compensate for the second and third terms in square
brackets in (19), so that the (Λ, ρ)-covariant derivative
transforms under a combined GCT, local Lorentz rota-
tion and local dilation as
D∗′µ ϕ
′(x′) =
∂xν
∂x′µ
ewρ(x)S(Λ(x))D∗νϕ(x). (22)
This is easily achieved by demanding that the rotational
gauge field Aabµ transforms as
A′
ab
µ(x
′)=
∂xν
∂x′µ
[Λac(x)Λ
b
d(x)A
cd
ν(x)−Λbc(x)∂νΛac(x)],
(23)
and the dilation gauge field Bµ transforms as
B′µ(x
′) =
∂xν
∂x′µ
[Bν(x) − ∂νρ(x)]. (24)
Thus, Aabµ and Bµ are covariant vectors under GCT, but
transform inhomogeneously under local Lorentz transfor-
mations and local dilations, respectively, which is typical
of gauge fields. We also note that Aabµ is invariant under
local dilations (i.e. has Weyl weight w = 0).
It is convenient sometimes to write the (Λ, ρ)-covariant
derivative (20) as
D∗µϕ(x) = [∂
∗
µ +
1
2A
ab
µ(x)Σab]ϕ(x), (25)
where we have defined the derivative operator
∂∗µ ≡ ∂µ + wBµ(x). (26)
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It is straightforward to show that ∂∗µϕ(x) itself also trans-
forms covariantly with weight w (i.e. the same weight as
the field ϕ) under local dilations (but does not transform
covariantly under local Poincare´ transformations).
In the second step, we define a generalised covariant
derivative, linearly related to D∗µϕ, by introducing a new,
‘translational’ gauge field ha
µ(x) that transforms via
h′a
µ
(x′) =
∂x′
µ
∂xν
e−ρ(x)Λa
b(x)hb
ν(x). (27)
Thus, the field ha
µ is a contravariant GCT vector, a local
Lorentz four-vector, and has Weyl weight w = −1 under
local dilations. The inverse matrix is usually denoted by
baµ(x) (which has Weyl weight w = 1) and satisfies
ha
µbaν = δ
µ
ν and ha
µbcµ = δ
c
a. (28)
The generalised covariant derivative is then defined as
D∗aϕ(x) ≡ haµ(x)D∗µϕ(x)
= ha
µ(x)[∂µ+
1
2A
cd
µ(x)Σcd+wBµ(x)]ϕ(x), (29)
which consequently transforms under local Weyl transfor-
mations in the same way as ∂ϕ does under global Weyl
transformations, namely66
D∗′a ϕ′(x′) = e(w−1)ρ(x)Λab(x)S(Λ(x))D∗bϕ(x). (30)
Having achieved our goal of defining a general co-
variant derivative with the transformation law (30), we
can take advantage of the property (9) of the special-
relativistic matter Lagrangian, and we see that under
the local Weyl group one has
LM(ϕ
′(x′);D∗′a ϕ′(x′)) = e−4ρ(x)LM(ϕ(x);D∗aϕ(x)).
(31)
Thus the new minimally-coupled matter Lagrangian is a
GCT and local Lorentz scalar, and has a Weyl weight
w = −4. However, since x → x′ is a GCT, we need a
scalar density, rather than a scalar, as the integrand in
the matter action. Moreover, the integrand must have
an overall Weyl weight of zero. Thus we must multiply
LM(ϕ;D∗ϕ) by a factor which transforms by the appro-
priate Jacobian determinant of the GCT and has a Weyl
weight w = 4. From the transformation properties of the
A-, B- and h-fields, we see that the only suitable factor
that does not involve derivatives is h−1. Thus, our final
minimally-coupled matter action is
SM =
∫
h−1LM(ϕ,D∗aϕ) d4x, (32)
which is invariant under local Weyl transformations. It
will be convenient to denote the integrand of the action
by the Lagrangian density LM ≡ h−1LM(ϕ,D∗aϕ). We
note that the gravitational gauge fields h, A and B con-
tain a total of 44 independent variables.
It should be mentioned, however, that the locally-
Weyl-invariant matter action (32) is not guaranteed to
inherit invariance properties possessed by the original ac-
tion (5) under other types of transformation, so (32) may
need to be modified to restore any further required invari-
ances. An important example that illustrates this phe-
nomenon is provided by the electromagnetic field, and is
discussed in Section IIK. For the purposes of our general
discussion, however, we will assume the action has the
form (32).
As mentioned previously, one may also introduce an
additional ‘compensator’ scalar field φ (or fields) into
the matter action. The introduction of an additional
scalar field opens up possibilities for the inclusion of
further terms in the matter action that non-minimally
(conformally) couple φ to the WGT gravitational gauge
field strengths (see Section IID). In particular, terms
proportional to φ2R or φ2LT ∗2 are Weyl-covariant with
weight w = −4 and so may be added to LM (where LT ∗2
has the form (3), but with the PGT translational gauge
field strength replaced by the corresponding quantity in
WGT).
C. Minkowski spacetime interpretation of WGT
At this point, it is worth making a few observations
that are not usually presented in the literature. Firstly,
we have introduced the h, A and B fields as gravita-
tional gauge fields in Minkowski spacetime, in keeping
with the interpretation of the gauge field theories describ-
ing the other fundamental interactions. We are therefore
still at liberty to perform our calculations in a global
inertial Cartesian coordinate system xµ. In making this
choice, one may extend the (Λ, ρ)-covariant derivativeD∗µ
to act on any quantity that transforms linearly under lo-
cal Lorentz transformations, even if it also carries Greek
indices, by simply ignoring its GCT transformation prop-
erties, since the explicit form for the generators Σab ap-
pearing in D∗µϕ depends only on the Lorentz transforma-
tion properties of ϕ. Thus, for instance, considering the
h-field itself, one has
D∗µha
ν = ∂∗µha
ν + 12A
cd
µ(Σ
1
cd)a
bhb
ν = ∂∗µha
ν −Abaµhbν ,
(33)
where (Σ1cd)
a
b = (δ
a
c ηdb− δadηcb) are the generators of the
vector representation of the Lorentz group. Similarly, for
the inverse h-field,
D∗µb
a
ν = ∂
∗
µb
a
ν +A
a
bµb
b
ν . (34)
It may prove useful occasionally, however, to work in
a different coordinate system in Minkowski spacetime,
such as spherical polar coordinates. In this case, we
are obliged to generalise the (Λ, ρ)-covariant derivative
so that it is capable of being applied to fields carrying
Greek indices, which have definite tensor behaviour un-
der GCT, in addition to SL(2, C) behaviour. In this case,
the (Λ, ρ)-covariant derivative in (25) becomes
D∗µ ≡ ∂∗µ + 0ΓσρµXρσ + 12AabµΣab = 0∇∗µ + 12AabµΣab,
(35)
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where 0∇∗µ ≡ 0∇µ+wBµ, 0Γλµν ≡ 12γλρ(∂µγνρ+∂νγµρ−
∂ργµν) is the metric connection corresponding to the
(flat-space) metric γµν defined by the coordinate system,
and Xρσ are the GL(4, R) generator matrices appropriate
to the GCT tensor character of the field to which D∗µ is
applied, and w is its Weyl weight. Once again taking the
h-field as an example, one thus has
D∗µha
ν = ∂∗µha
ν + 0Γνρµha
ρ −Abaµhbν . (36)
It should be remembered, however, that in Minkowski
spacetime, the connection coefficients 0Γσρµ are not dy-
namical entities, but are fixed by our choice of coordi-
nate system. Moreover, the curvature and torsion tensors
derived from the connection both vanish in Minkowski
spacetime, meaning that the derivatives 0∇µ and 0∇ν
always commute, i.e.
[0∇µ,0∇ν ]ϕ = 0, (37)
irrespective of the GCT tensor character of ϕ. Unless
otherwise stated, however, from now on we will adopt
a global Cartesian inertial coordinate system xµ in our
Minkowski spacetime, which greatly simplifies calcula-
tions.
Finally, some further comments about the interpreta-
tion of the translational gauge field are worthwhile. It is a
rank-2 tensor field, which we will denote by h, defined on
Minkowski spacetime. Thus, formally, it provides a linear
mapping from any two vectors in Minkowski spacetime
to the real numbers. In the usual manner, the compo-
nents of h that we have considered hitherto are given
by ha
µ ≡ h(eˆa, eµ). Similarly, the inverse of h, which
we denote by b, is also a rank-2 tensor field defined on
Minkowski spacetime, and the components that we have
considered so far are given by baµ ≡ b(eˆa, eµ). Other
components of h and b may be obtained in the usual
manner by acting with them on different combinations
of the tetrad and coordinate basis vectors and their du-
als. The two tensors h and b are inverses in the sense
that the components ha
µ and baµ satisfy the conditions
(28).
Given their transformation properties, the components
of h and b are able to convert between GCT tensor be-
haviour and the corresponding SL(2, C) behaviour, i.e.
they can be used to replace Greek indices with Latin
ones and vice-versa (although SL(2, C) spinors cannot
be converted into any GCT tensorial objects). As an
example, let us consider the simplest case of a vector
field J defined on the Minkowski spacetime, which may
be written in terms of its components in the coordinate
basis or its dual as J = Jµeµ = Jµe
µ. Replacing the
Greek index with a Latin one using the components of
h, we may obtain the quantities Ja ≡ haµJµ = haµJµ or
J a ≡ haµJµ = haµJµ. Adopting the viewpoint that h is
a tensor (gauge) field in Minkowski spacetime, and thus
attaching to it no geometric significance a priori, one
must regard these as the components in the local tetrad
basis of a new vector field J = h(·,J)67. It is also worth
noting that the components of hmay also be used to con-
vert Latin indices into Greek ones. For example, consider
the vector h(J , ·), which has contravariant components
in the coordinate basis given by ha
µJ a; these are the
components of another new vector, and are, in general,
not equal to the original Jµ.
Similar conclusions follow for the inverse tensor b. For
example, if we place J into the first ‘slot’ of b, we re-
cover the original vector J = b(J , ·), since its covari-
ant components in the coordinate basis are baµJa = Jµ,
where in the last equality we have used the reciprocity
relations (28). These components can also be written
Jµ = baµJ a, and their contravariant counterparts as
Jµ = ba
µJ a = baµJa. In all these cases, the compo-
nents of b have been used to convert a Latin index into
a Greek one. One may also perform the reverse opera-
tion: consider, for example, the vector b(·,J); this has
contravariant components in the tetrad basis given by
baµJ
µ, but these are not, in general, equal to J a.
The index conversion properties of the components of
h and b trivially extend to objects possessing multiple
indices: for example, if T is a rank-2 tensor field, then
one obtains the new rank-2 tensor field T with covari-
ant components (say) in the tetrad basis given by Tab =
ha
µhb
νTµν . Using the reciprocity relations (28), one may
therefore also write, for example, Tµν = b
a
µb
b
νTab. One
may also, of course, convert just some subset of the in-
dices on a higher-rank object, and each case corresponds
to the components of a different object, referred to the
corresponding combination of tetrad and coordinate ba-
sis vectors68.
The interpretation presented above contrasts sharply
with the (more commonly adopted) geometric interpreta-
tion of WGT (which we describe in detail in Section IIO),
in which ha
µ is identified as a vierbein that directly re-
lates the coordinate basis vectors eµ and local tetrad
frame vectors eˆa; in this case, the components ha
µJµ,
for example, are interpreted as the components Ja of the
original vector field J in the local Lorentz basis. More-
over, in the Minkowski spacetime gauge field interpreta-
tion, the RHS of (36) need not vanish, which should be
contrasted with the usual ‘tetrad postulate’ that applies
in the geometric interpretation of WGT.
D. Gauge field strengths in WGT
The gauge field strengths in WGT are defined in the
usual way in terms of the commutator of the covariant
derivatives. Considering first the (Λ, ρ)-covariant deriva-
tive, one finds
[D∗µ, D
∗
ν ]ϕ =
1
2R
ab
µνΣabϕ+ wHµνϕ, (38)
where we have defined the ‘rotational’ and ‘dilation’ field
strength tensors of the gauge fields Aabµ and Bµ, respec-
tively, as
Rabµν ≡ ∂µAabν−∂νAabµ+AacµAcbν−AacνAcbµ, (39)
Hµν ≡ ∂µBν − ∂νBµ. (40)
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Both Rabµν and Hµν transform covariantly under GCT
and local Lorentz rotations in accordance with their re-
spective index structures, and are invariant under local
dilations (i.e. each has Weyl weight w = 0).
Of greater relevance, however, is the commutator of
two generalised covariant derivatives. Since D∗aϕ =
ha
µD∗µϕ, this commutator differs from (38) by an addi-
tional term containing the derivatives of ha
µ, and reads
[D∗c ,D∗d]ϕ = 12RabcdΣabϕ+ wHcdϕ− T ∗acdD∗aϕ, (41)
where Rabcd ≡ haµhbνRabµν and Hcd = hcµhdνHµν , and
the ‘translational’ field strength of the gauge field ha
µ is
given by
T ∗abc ≡ hbµhcνT ∗aµν ≡ hbµhcν(D∗µbaν −D∗νbaµ), (42)
which transforms covariantly under local Lorentz trans-
formations in accordance with its index structure. It is
worth noting (42) can also be written
T ∗abc = −baµ(D∗bhcµ −D∗chbµ). (43)
One may easily show that the translational field strength
in WGT is related to the corresponding field strength
T abc in PGT (see Appendix B), by
T ∗abc = T abc + δacBb − δabBc, (44)
where Ba = haµBµ. It is also convenient to define T ∗b ≡
T ∗aba = Tb + 3Bb, where Tb is the corresponding PGT
quantity.
It is easy to show that Rabcd, Hcd and T ∗acd trans-
form covariantly under local dilations, with weights
w(Rabcd) = w(Hcd) = −2 and w(T ∗acd) = −1 respec-
tively. We further note that the functional dependen-
cies of the three field strengths tensors on the gauge
fields and their first derivatives are Rabcd(h,A, ∂A),
T ∗abc(h, ∂h,A,B) and Hab(h, ∂B). When WGT is re-
interpreted geometrically (see Section IIO), the field
strengths Rabcd, Hab and T ∗abc are related to the curva-
ture and torsion tensors of a Weyl–Cartan Y4 spacetime,
but here are to be regarded simply as local tensors de-
fined in Minkowski spacetime.
E. Alternative form of covariant derivative in WGT
An immediate use of the expression (43) is that it can
be rearranged to give an important expression for the A
gauge field. Defining the quantities
c∗abc ≡ hbµhcν(∂∗µbaν − ∂∗νbaµ), (45)
the relevant relationship is easily found to be Aabµ =
bcµAabc, where
Aabc = 12 (c∗abc+ c∗bca− c∗cab)− 12 (T ∗abc+T ∗bca−T ∗cab). (46)
It is important to note that this is an identity that is valid
independently of any equations of motion satisfied by the
gauge fields h, A and B. In the special case where the
equations of motion result in T ∗abc being independent of
Aabc, (46) gives an explicit expression for the A-field in
terms of the h-field, its first derivatives and the B-field.
In a such a case, the A-field is no longer an independent
gauge field and the resulting theory can, if desired, be
written entirely in terms of the other gauge fields, i.e. one
moves from a ‘first-order’ to a ‘second-order’ formalism.
It will prove convenient for our later discussion to
rewrite the expression (46) as
Aabc = 0A∗abc(h, ∂h,B) +K∗abc(h, ∂h,A,B), (47)
in which we have defined the quantities 0A∗abc ≡ 12 (c∗abc +
c∗bca−c∗cab) that, as indicated, are fully determined by the
h-field, its first derivatives, and the B-field. We have also
defined K∗abc ≡ − 12 (T ∗abc + T ∗bca − T ∗cab), which when re-
interpreted geometrically is analogous to the contortion
tensor of a Weyl–Cartan spacetime Y4. It is worth noting
that both 0A∗abc and K∗abc are antisymmetric in their first
two indices69.
Under a local Weyl transformation, the quantities
0A∗abc transform in the same way as A∗abc, whereas K∗abc
transform as the components of a local tensor with weight
w = −1. Thus, the quantities 0A∗abc can serve equally
well as A∗abc in the construction of a covariant derivative.
We may therefore construct the ‘reduced’ (Λ, ρ)-covariant
derivative
0D∗µϕ ≡ (∂∗µ + 12 0A∗abµΣab)ϕ, (48)
which transforms according to (22) under a local Weyl
transformation, in the same way as D∗µϕ, but depends
only on the h field, its first derivatives, and the B-field.
Similarly, one can define the corresponding generalised
covariant derivative 0D∗a ≡ haµ 0D∗µ, which consequently
transforms as in (30), as required. The ‘full’ generalised
covariant derivative is given in terms of the ‘reduced’ one
by the alternative form
D∗aϕ = (0D∗a + 12K∗bcaΣbc)ϕ, , (49)
which makes clear that, if one (covariantly) sets the WGT
torsion (and hence contortion) to zero, then D∗a reduces
to 0D∗a.
F. Bianchi identities in WGT
It will also be convenient for our later development to
obtain the Bianchi identities satisfied by the gravitational
gauge field strengths Rabcd, T ∗abc and Hab in WGT.
These may be straightforwardly derived from the Jacobi
identity applied to the generalised covariant derivative,
namely
[D∗a, [D∗b ,D∗c ]]ϕ+ [D∗c , [D∗a,D∗b ]]ϕ+ [D∗b , [D∗c ,D∗a]]ϕ = 0.
(50)
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Inserting the form (29) for the generalised covariant
derivative into the above Jacobi identity, one quickly
finds the three Bianchi identities
D∗[aRdebc] − T ∗f [abRdec]f = 0,(51)
D∗[aT ∗dbc] − T ∗e[abT ∗dc]e −Rd[abc] +H[abδdc] = 0,(52)
D∗[aHbc] − T ∗e[abHc]e = 0.(53)
It is worth noting that for the special case in which
the ‘torsion’ is totally antisymmetric, such that T ∗abc =
ǫabcdt
d for some vector td, then the second term on the
LHS of (52) vanishes.
By contracting over the indices a and d in the ‘R-
identity’ (51), once obtains the once-contracted Bianchi
identity
D∗aRaebc − 2D∗[bRec] − 2T ∗f a[bRaec]f − T ∗f bcRef = 0.
(54)
Contracting again over b and e, one then finds the twice-
contracted Bianchi identity
D∗a(Rac − 12δacR) + T ∗f bcRbf + 12T ∗f abRabcf = 0. (55)
Turning to the ‘T -identity’ (52) and contracting over
a and d, one obtains the further once-contracted Bianchi
identity
D∗aT ∗abc+2D∗[bT ∗c] + T ∗ebcT ∗e +2R[bc]+2Hbc = 0. (56)
One should note that (56) simplifies considerably if the
torsion trace T ∗a vanishes, which clearly includes the spe-
cial case in which the torsion is totally antisymmetric.
It is clear that the ‘H-identity’ (53) has no non-trivial
contractions.
G. Free gravitational action in WGT
In addition to the locally-Weyl-invariant matter action
(32), one must also include in the total action some fur-
ther terms, which describe the dynamics of the free grav-
itational gauge fields. FromRabcd, T ∗abc and Hab, one can
construct a free gravitational action of the general form
SG =
∫
h−1LG(Rabcd, T ∗abc,Hab) d4x, (57)
where the requirement of local scale invariance imposes
the constraint that LG must be a relative scalar with
Weyl weight w(LG) = −4, so that the Lagrangian den-
sity LG ≡ h−1LG has weight zero (i.e scale invari-
ant). It is trivial to show that Rabcd, Hab and T ∗abc
transform covariantly under local dilations with Weyl
weights w(Rabcd) = w(Hab) = −2 and w(T ∗abc) = −1
respectively70. Hence LG can be quadratic in Rabcd and
Hab, but terms linear in R ≡ Rabab or quadratic in T ∗abc
are not allowed. Similarly, higher-order terms in Rabcd
and Hab are forbidden; in principle one could include
quartic terms in T ∗abc, but we will not consider them here.
Thus, in WGT, the general form of LG, possessing terms
no higher than quadratic order in the field strengths, is
of the form
LG = LR2 + LH2 , (58)
where the expressions for LR2 and LH2 are given in (4).
It may be shown, however, that the field strength Rabcd
satisfies a form of Gauss–Bonnet identity71, such that the
combination
R2 − 4RabRba +RabcdRcdab (59)
contributes a total derivative to the action (in D ≤ 4
dimensions), and so has no effect on the resulting field
equations. Hence one may set any one of α1, α3 or α6
in (4) to zero, without loss of generality (at least classi-
cally), but we will retain all these terms for the moment.
As mentioned in Section II B, we note that one may also
include in the total Lagrangian terms of the generic form
φ2R and φ2LT ∗2 , where LT ∗2 is given in (3), but with
Tabc → T ∗abc. However, since these terms depend upon the
scalar (compensator) field φ, in addition to the gravita-
tional gauge fields, we do not consider them to be part of
the free gravitational action, but instead regard them as
belonging to the matter LagrangianLM (see Section II J).
The precise form of WGT under consideration depends
on the form of the free gravitational Lagrangian den-
sity LG. As an illustration, in Appendix D we give a
brief account of a scale-invariant theory of gravity sug-
gested by Dirac (but extended to include torsion), which
can accommodate ‘ordinary’ matter via the inclusion of
an additional ‘compensator’ scalar field. In this theory,
LG = LH2 and LM contains a term proportional to φ
2R.
H. Field equations in WGT
The total action ST is simply the sum of the matter and
free gravitational actions. In the free gravitational sector,
the form of the Lagrangian (58) induces a dependence on
h, A, ∂A and ∂B (suppressing indices for brevity). Note,
in particular, that the absence of T ∗abc from (58) means
that it does not contain derivatives of the h-field. In the
matter sector, covariant derivatives of the matter field
ϕ induce a dependence on ϕ, ∂ϕ, h, A and B. We will
also consider here the inclusion of an additional ‘com-
pensator’ scalar field φ in the matter action, and further
admit the possibility that it may include a kinetic term
for the scalar field that contains derivatives of φ. More-
over, if the matter action includes a term proportional to
φ2R, then this brings an additional dependence on ∂A.
Finally, if one includes terms of the generic form φ2LT ∗2 ,
then it produces an additional dependence on ∂h. Con-
sequently, we will take the total Lagrangian density to
be
LT=LG(h,A, ∂A, ∂B)+LM(ϕ, ∂ϕ, φ, ∂φ, h, ∂h,A, ∂A,B),
(60)
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where we have indicated the functional dependencies in
the most general case.
Since LT is at most quadratic in the field strength ten-
sors Rabcd(h,A, ∂A), T ∗abc(h, ∂h,A,B) and Hab(h, ∂B),
and each of these is linear in the first derivative of the
corresponding gauge field, the resulting equations of mo-
tion are, in general, linear in the second-order derivatives
of the h, A and B gauge fields, and contain no higher-
derivative terms; such theories therefore do not suffer
from Ostrogradsky’s instability. It is worth noting, how-
ever, that if one substitutes for Aabc using (47), one ob-
tains equations of motion that contain up to third-order
derivatives of the h-field, which can lead to difficulties in
the interpretation of initial-value problems.
Variation of ST with respect to the gauge fields ha
µ,
Aabµ and Bµ leads to three coupled gravitational field
equations for the gauge fields. In general, these read
taµ + τ
a
µ = 0, (61a)
sab
µ + σab
µ = 0, (61b)
jµ + ζµ = 0. (61c)
In the free gravitational sector, we have defined taµ ≡
δLG/δhaµ = ∂LG/∂haµ, sabµ ≡ δLG/δAabµ and
jµ ≡ δLG/δBµ, respectively. In the matter sector,
the energy-momentum τaµ ≡ δLM/δhaµ, spin-angular-
momentum σab
µ ≡ δLM/δAabµ and dilation current
ζµ ≡ δLM/δBµ = ∂LM/∂Bµ act as sources72. It is easy
to show that all the quantities in (61a)–(61c) transform
covariantly under local Lorentz rotations and GCTs in
accordance with their respective index structures, and
are also covariant under local dilations with Weyl weights
w = 1, w = 0 and w = 0, respectively. It is, in fact, more
convenient to work with quantities carrying only Latin
indices and write the general field equations as
tab + τ
a
b = 0, (62a)
sab
c + σab
c = 0, (62b)
ja + ζa = 0, (62c)
where tab ≡ taµhbµ, sabc ≡ sabµbcµ and ja ≡ jµbaµ, and
similarly for the matter sector73. All the quantities in
(62a)–(62c) are clearly invariant under GCT, transform
covariantly under local Lorentz rotations in accordance
with their respective index structures, and are also co-
variant under local dilations with Weyl weights w = 0,
w = 1 and w = 1, respectively.
Varying ST with respect to ϕ and φ leads to the matter
field equations. Considering just the ϕ-equation for the
moment, since LG does not depend on ϕ one has simply
δLM
δϕ
≡ ∂LM
∂ϕ
− ∂µ
(
∂LM
∂(∂µϕ)
)
= 0. (63)
One may straightforwardly show that this equation can
be recast in terms of the (Λ, ρ)-covariant derivative (20)
as
δLM
δϕ
≡ ∂¯LM
∂ϕ
−D∗µ
(
∂LM
∂(D∗µϕ)
)
= 0, (64)
where ∂¯LM/∂ϕ ≡ [∂LM(ϕ,D∗µu, . . .)/∂ϕ]u=ϕ, so that ϕ
and D∗µϕ are treated as independent variables, rather
than ϕ and ∂µϕ. Even more convenient for our purposes
is to rewrite (64) in terms of the generalised covariant
derivative (29), which yields
∂¯LM
∂ϕ
−D∗a
(
∂LM
∂(D∗aϕ)
)
= hD∗µ(h
−1ha
µ)
∂LM
∂(D∗aϕ)
, (65)
where we have defined LM = h−1LM and ∂¯LM/∂ϕ ≡
[∂LM(ϕ,D∗au, . . .)/∂ϕ]u=ϕ, so that ϕ andD∗aϕ are treated
as independent variables. One can develop the RHS of
(65) further, and put it into manifestly covariant form,
by noting that
hD∗µ(h
−1ha
µ) = bbµ(D∗bhaµ −D∗ahbµ) = T ∗bab ≡ T ∗a ,
(66)
where we have used the expression (43) for the field
strength of the translational gauge field. An analogous
procedure can be applied to the φ field, and so the mat-
ter equations of motion can be written in the convenient
forms
δLM
δϕ
=
∂¯LM
∂ϕ
− (D∗a + T ∗a )
(
∂LM
∂(D∗aϕ)
)
= 0, (67a)
δLM
δφ
=
∂¯LM
∂φ
− (D∗a + T ∗a )
(
∂LM
∂(D∗aφ)
)
= 0. (67b)
It is worth noting that these field equations, derived from
the minimal-coupling procedure applied to the action SM,
are not, in general, equivalent to those obtained simply
by applying the minimal-coupling procedure to the field
equations directly9,74, which would be given by (67a) and
(67b) without the terms containing T ∗a . We also note
that the general forms (67a) and (67b) are valid only if
the action (32) has not subsequently been modified to
satisfy any further required invariances that were lost in
the localisation of the Weyl symmetry; this is illustrated
in Section IIK.
I. Conservation laws in WGT
The conservation laws for WGT are also easily ob-
tained. Contrary to the approach usually adopted in
the literature, it is most useful to present them in terms
of quantities carrying only Latin indices. Invariance of
SG under (infinitesimal) local Lorentz (or SL(2, C)) rota-
tions, GCTs and local dilations, respectively, lead to the
following manifestly covariant conservation laws among
the contributions of the free gravitational sector to the
gravitational field equations:
(D∗c + T ∗c )(hsabc) + ht[ab]=0,(68a)
(D∗c+T ∗c )(htcd)−h(sabcRabcd−tcbT ∗bcd+jcHcd)=0,(68b)
(D∗c + T ∗c )(hjc)− htcc=0.(68c)
Similarly, the local Lorentz, GCT and local dilation in-
variance properties of SM lead, respectively, to the fol-
15
lowing manifestly covariant identities among the contri- butions of the matter sector to the gravitational field
equations:
(D∗c + T ∗c )(hσabc) + hτ[ab] + 12
δLM
δϕ
Σabϕ = 0, (69a)
(D∗c + T ∗c )(hτcd)− h(σabcRabcd − τcbT ∗bcd + ζcHcd) +
δLM
δφ
D∗dφ+
δLM
δϕ
D∗dϕ = 0, (69b)
(D∗c + T ∗c )(hζc)− hτcc −
δLM
δφ
φ+
δLM
δϕ
wϕ = 0. (69c)
Thus, one is assured with the help of the matter field
equations that the gravitational field equations become
consistent. Moreover, it is worth noting that the above
sets of conservation laws hold for any subset of terms in
LG and LM, respectively, that is covariant with weight
w = −4 under local Weyl transformations.
J. Dirac matter field in WGT
So far, we have not introduced a specific form for the
matter Lagrangian. To illustrate the coupling of matter
to the gravitational gauge fields, let us consider the case
of a Dirac field, which will be useful for our later devel-
opments. Following our discussion in Section IIA, we
begin with the special-relativistic Lagrangian (14) for a
classical Dirac field ψ coupled to a (compensator) scalar
field φ. For the moment, however, we will consider only
the ψ-dependent terms and hence omit the kinetic term
for φ to obtain
LD =
1
2 iψ¯γ
µ
↔
∂µψ − µφψ¯ψ, (70)
where µ is a dimensionless parameter, but µφ has the
dimensions of mass in natural units. The action con-
structed from (70) is invariant under global Weyl trans-
formations, provided ψ and φ have the Weyl weights
w = − 32 and w = −1, respectively; we note that the
action is also invariant under the global phase transfor-
mation ψ → ψeiα.
Following our general procedure for constructing a
locally-Weyl-invariant matter action (32) and applying
it to (70), the appropriate form for the corresponding
Lagrangian density is
LD = h−1LD = h−1(12 iψ¯γa
↔
D∗aψ − µφψ¯ψ), (71)
where, on each γ-matrix, one has simply replaced the
Greek index with a Roman one, without altering the
matrix (since the γ-matrices naturally refer to the lo-
cal Lorentz basis). It is clear that (71) has also inherited
the invariance of the original Dirac action (70) under a
global phase transformation. The first point to note is
that, since both ψ and ψ¯ have Weyl weight w = − 32 , the
dilation gauge field Bµ interacts in the same manner with
each of them, thereby ruling out the interpretation of Bµ
as the electromagnetic potential. Moreover, rather curi-
ously, Bµ vanishes completely from (71). Consequently,
the WGT covariant derivative operator D∗a in the kinetic
term in (71) can be replaced by its PGT counterpart Da,
so that
LD = h−1(12 iψ¯γa
↔
Daψ − µφψ¯ψ). (72)
Put another way, the kinetic term in the Dirac action in
PGT is already also invariant to local dilations.
To illustrate our general approach, however, for the
moment we will consider the manifestly WGT-covariant
form (71) of the Lagrangian density. Varying the cor-
responding action with respect to ψ¯, one obtains a field
equation of the form (67a) (with ϕ replaced by ψ¯), which
is immediately found to read
iγa(D∗a + 12T ∗a )ψ − µφψ = 0. (73)
An equivalent adjoint field equation in ψ¯ is obtained by
varying the action with respect to ψ. Since D∗aψ and T ∗a
transform covariantly under local dilations with weights
w = − 52 and w = −1 respectively, we see immediately
that the LHS of (73) does indeed transform covariantly
under local dilations with weight w = − 52 . We note
that, as expected, the field equation (73) differs from
that which would be obtained by applying the minimal
coupling procedure directly at the level of the field equa-
tion; the latter would not contain the term proportional
to T ∗a . Since the Dirac Lagrangian density (71) may also
be expressed as (72), however, one may use the PGT
version of (67a) (obtained by removing all asterisks; see
Appendix B) to show that the field equation (73) can be
rewritten more simply in terms of corresponding PGT
quantities as
iγa(Da + 12Ta)ψ − µφψ = 0. (74)
Although this equation is still WGT covariant, this is no
longer manifest. The covariance of (74) is easily checked
directly by recalling that Daψ = D∗aψ + 32Baψ and Ta =T ∗a −3Ba to recover (73). We note that (73) and (74) are
valid for any choice of the free gravitational Lagrangian
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density LG, but the expression for Ta, or T ∗a , will depend
on the form of LG.
It is of interest to rewrite (73) using the reduced co-
variant derivative discussed in Section II E. Substituting
the expression (49) into (74) and using the fact that the
Lorentz group generator matrices for Dirac spinors are
given by Σab =
1
4 [γa, γb], after a short calculation one
finds that
iγa(0D∗a − 14T ∗[abc]Σbc)ψ − µφψ = 0. (75)
This form of the Dirac equation is still manifestly WGT-
covariant, but reveals that only the total antisymmetric
part of the WGT ‘torsion’ explicitly affects the dynamics
of the Dirac field ψ. In other words, if T ∗[abc] = 0 then
(75) reduces to a form expressible entirely in terms of
the ‘reduced’ covariant derivative (which depends only
on the h-field, its derivatives and the B-field), and is thus
equivalent to the Dirac equation obtained in the absence
of torsion completely. Alternatively, one can perform the
analogous procedure on (74) to obtain the form
iγa(0Da − 14T[abc]Σbc)ψ − µφψ = 0, (76)
in terms of the corresponding PGT quantities. Although
(76) is not manifestly WGT-covariant, it provides the
simplest expression of the dynamics of the ψ field for
calculational purposes, and shows analogously that only
the total antisymmetric part of the PGT ‘torsion’ has an
explicit effect.
From the Lagrangian density (72), we may also calcu-
late the energy-momentum and spin-angular-momentum
tensors of the Dirac field ψ. In terms of the corresponding
quantities carrying only Latin indices, one finds
hτab =
1
2 iψ¯γ
a
↔
Dbψ − δabLD, (77)
hσabc =
1
4 iψ¯γ[aγbγc]ψ, (78)
where we have used the fact that Σab =
1
4 [γa, γb] for
Dirac spinors to establish the second result. It is easily
shown that the energy-momentum tensor is asymmet-
ric and has the trace τ = h−1µφψ¯ψ, whereas the spin-
angular-momentum tensor is totally antisymmetric, such
that σabc = σ[abc]. Consequently, all contractions of the
spin-angular-momentum tensor vanish for Dirac matter.
As one might expect from the above discussion, (77) may
be rewritten in manifestly WGT-covariant form by sim-
ply making the replacement Da → D∗a throughout; the
expression (78) is already manifestly WGT covariant.
Finally, we note that one might also consider adding
the following to the matter Lagrangian density (72): ki-
netic and self-interaction terms for φ with Weyl weight
w = −4 and, as discussed in Sections II B and IIG, terms
proportional to φ2R and φ2LT ∗2 , which directly couple φ
non-minimally (conformally) to the gravitational gauge
field strengths, where LT ∗2 is given by (3), but with T abc
replaced by T ∗abc. Thus, in the most general case, one
might consider
LM = h−1[ 12 iψ¯γa
↔
Daψ − µφψ¯ψ+ 12ν(D∗aφ)(D∗aφ)− λφ4
−aφ2R+ φ2LT ∗2 ], (79)
where µ, ν, λ and a are dimensionless constants (usually
positive), and there are three further dimensionless con-
stants β1, β2 and β3 in LT ∗2 . Since none of the additional
terms in (79) depend on ψ, the results derived above are
not altered, but clearly the equation of motion for φ will
become significantly more complicated.
K. Electromagnetic field in WGT
It is worthwhile also considering the coupling of the
electromagnetic field to the gravitational gauge fields,
since this illustrates some important differences from
the Dirac field discussed above. The standard special-
relativistic Lagrangian for the electromagnetic field Aµ
(which should not be confused with the ‘rotational’ grav-
itational gauge field Aabµ) is given by
LM = − 14FµνFµν − JµAµ, (80)
where the electromagnetic field strength tensor Fµν ≡
∂µAν − ∂νAµ and Jµ is some source current density. We
showed earlier that the action constructed from the La-
grangian (80) is invariant under global Weyl transforma-
tions, provided w(Aµ) = −1 and w(Jµ) = −3. Moreover,
it is also invariant under the electromagnetic gauge trans-
formation Aµ → Aµ + ∂µχ, where χ is any scalar field,
provided the source current density satisfies the continu-
ity equation ∂µJ
µ = 0, which embodies the conservation
of charge.
Unlike the Dirac field, in this case the dynamical field
Aµ carries a coordinate index. Our first task, which was
unnecessary for the Dirac field, is therefore to convert
this to a Roman index by constructing the covariant
field Aa = haµAµ. Similarly, we introduce the covari-
ant current density Ja = haµJµ. This leads us, however,
to a subtle point. In the special relativistic case (80),
the field components can equally well refer to the Carte-
sian coordinate basis eµ or the local Lorentz basis eˆa,
which can be chosen to coincide. In principle, however,
the field components should properly refer to the latter.
Thus, once the Weyl transformation is localised, for con-
sistency one requires the covariant fields to have the Weyl
weights w(Aa) = −1 and w(Ja) = −3; consequently, the
fields carrying a Greek index have weights w(Aµ) = 0
and w(Jµ) = −2.
Following the general procedure for constructing a
locally-Weyl-invariant matter action (32) leads to the La-
grangian density
LM = h−1LM = −h−1(14 F̂∗abF̂∗ab + J aAa), (81)
where we have defined F̂∗ab ≡ D∗aAb − D∗bAa. Since
w(F̂∗ab) = −2, LM has an overall Weyl weight of zero,
as required. Unfortunately, the Lagrangian density (81)
is inappropriate for describing the coupling of the elec-
tromagnetic and gravitational gauge fields, since the cor-
responding action does not inherit the necessary invari-
ance under electromagnetic gauge transformations. This
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is easily seen by noting that
F̂∗ab = Fab − T ∗cabAc, (82)
where we have defined Fab ≡ haµhbνFµν , in which
Fµν ≡ D∗µAν − D∗νAµ = ∂µAν − ∂νAµ, and T ∗cab is
the WGT field strength tensor of the h gravitational
gauge field, as defined in (42). It is apparent that Fab
does inherit the original electromagnetic gauge invari-
ance of Fµν , whereas the second term on the RHS of (82)
is clearly not invariant under the electromagnetic gauge
transformation, and so neither is F̂∗ab. Moreover, Fab has
a Weyl weight w(Fab) = −2. Thus, substituting (82)
into (81) and discarding the offending terms, we arrive
instead at the Lagrangian density
LM = h−1LM = −h−1(14FabFab + J aAa), (83)
which has an overall Weyl weight of zero, as required,
provided w(Ja) = −3. It is worth noting that this form
for LM is identical to that obtained in PGT, as should be
clear from the above discussion. Hence, as we found for
the Dirac field, the action for the electromagnetic field
in PGT is already invariant under local changes of scale.
Note that LM does not depend on the A or B gauge fields.
The equation of motion for the electromagnetic field
is given by δLEM/δAµ = 0, which is easily shown to be
equivalent to δLEM/δAa = 0, and in manifestly WGT-
covariant form this reads
(D∗a + T ∗a )Fac − 12T ∗cabFab = J c. (84)
It is worth noting that this equation does not have the
generic form (67a), owing to the term containing T ∗cab
on the LHS. This additional term arises because the de-
mands of electromagnetic gauge invariance of the action
dictated the use of the Lagrangian density (83), rather
than (81). Had we (erroneously) used the latter, the re-
sulting equation of motion would not have included this
extra term, and would indeed have taken the general form
(67a). We note that the electromagnetic field strength
tensor also satisfies a differential (Bianchi) identity, which
is easily expressible in manifestly WGT-covariant form as
D∗[aFbc] − T ∗d[abFc]d = 0. (85)
Note that all contractions of this identity are trivial.
Since the Lagrangian (83) is identical to that in PGT,
one immediately finds that the equation of motion (84)
and differential identity (85) satisfied by the electromag-
netic field can be rewritten in terms of corresponding
PGT quantities by simply removing asterisks as
(Da + Ta)Fac − 12T cabFab = J c, (86)
D[aFbc] − T d[abFc]d = 0. (87)
The covariance of these equations under local dilations
is easily checked directly by noting that DaFac = (D∗a +
2Ba)Fac and Ta = T ∗a − 3Ba, which on substitution
recovers (84) and (85).
As we did for the Dirac equation in the previous sec-
tion, it is interesting to rewrite the electromagnetic field
equation (84) and Bianchi identity (85) in terms of the
reduced covariant derivative discussed in Section II E.
Thus, substituting (49) into (84) and (85), one may show
straightforwardly that the electromagnetic field equation
and Bianchi identity become, respectively,
0D∗aFac = J c and 0D∗[aFbc] = 0. (88)
These equations are still manifestly WGT-covariant, but
have precisely the same forms as would be obtained in the
absence of torsion. Thus, irrespective of the nature of the
WGT torsion, it plays no explicit role in the dynamics of
the electromagnetic field. Alternatively, one can perform
an analogous procedure to rewrite (86) and (87) in terms
of the reduced PGT covariant derivative as
0DaFac = J c and 0D[aFbc] = 0, (89)
which are identical to (88) with all asterisks removed.
Although not manifestly WGT-covariant, the equations
(89) provide the simplest expression of the dynamics of
the electromagnetic field for calculational purposes, and
shows that the PGT torsion has no direct effect.
To complete the description of the electromagnetic
field in WGT, we derive its energy-momentum and spin-
angular-momentum tensors. Setting J a = 0 in (83), one
finds
hτab =
1
4δ
a
bFcdFcd −FacFbc, (90)
whereas σab
c = 0 immediately. We see that τab is the
natural generalisation of the standard energy-momentum
tensor for the electromagnetic field in the absence of
gravity. Moreover, τab is symmetric and traceless, as
one would expect for a field with vanishing spin-angular-
momentum and zero mass. We note that the expression
(90) is already manifestly WGT (and PGT) covariant.
Finally, one may straightforwardly include the inter-
action of the electromagnetic and Dirac fields, both of
which are coupled to gravity, by noting that the covariant
current density of the Dirac field is simply J a = qψ¯γaψ,
which has the required Weyl weight w(J a) = −3. Thus,
one simply makes this substitution into (83) and adds
the result to (79).
L. Einstein gauge and scale-invariant variables
As mentioned in the Introduction, one may use the
scale gauge freedom to set the scalar field φ to a constant
(provided φ 6= 0), which is known as the Einstein gauge.
Although it is most common simply to set φ(x) = 1, this
can be misleading and so we instead set φ(x) = φ0, where
φ0 is a constant with the same units as φ. Adopting the
Einstein gauge can be viewed simply as a mathematical
convenience, but it is often also given the physical inter-
pretation of corresponding to some spontaneous breaking
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of the scale symmetry. Indeed, it is usually considered
that setting φ = φ0 represents the choice of some definite
scale in the theory, thereby breaking scale-invariance.
The forms of the field equations in WGT, which we
discussed in general in Section IIH, can be simplified
considerably by adopting the Einstein gauge. There is,
however, an alternative approach, which is not usually
followed in the literature, where one recasts the theory
in terms of scale-invariant field variables50. We show here
that, for any WGT Lagrangian density of the form con-
sidered in (60), this procedure yields equations of motion
in the new field variables that are identical in form to
those obtained after setting φ(x) = φ0 in the equations
of motion for the original fields. This therefore provides
a rather different interpretation of the Einstein gauge
than that traditionally assumed, since the approach using
scale-invariant variables involves no breaking of the scale
symmetry. Indeed, one may regard adopting the Einstein
gauge merely as a shortcut to obtaining the forms of the
equations of motion for the scale-invariant field variables.
To demonsrate this equivalence, we begin by introduc-
ing the new matter and gravitational gauge fields
ϕ̂ ≡
(
φ
φ0
)−w
ϕ, (91a)
ĥ µa ≡
(
φ
φ0
)−1
ha
µ, (91b)
Âabµ ≡ Aabµ, (91c)
B̂µ ≡ Bµ − ∂µ ln
(
φ
φ0
)
, (91d)
where w is the Weyl weight of the original matter field
ϕ. It is straightforward to show that each of these new
variables transforms covariantly with Weyl weight w = 0
under local dilations, and is hence scale-invariant. It is
also convenient to define the further scale-invariant vari-
ables Âabc ≡ ĥ µa Âabµ and B̂a ≡ ĥ µa B̂µ.
One immediately finds that the covariant derivative of
the scalar field φ may be written as D∗aφ = −(φ2/φ0)B̂a,
whereas the covariant derivative of some general field χ
with Weyl weight w may be written
D∗aχ ≡ (Da + wBa)χ
=
(
φ
φ0
)1−w
(D̂a + wB̂a)χ̂ ≡
(
φ
φ0
)1−w
D̂∗aχ̂, (92)
where χ̂ = (φ/φ0)
−wχ and we have defined the derivative
operators D̂a ≡ ĥ µa Dµ and D̂∗a = D̂a+wB̂a, the latter of
which preserves the Weyl weight of the quantity on which
it acts. From (92), one sees that, aside from the over-
all multiplicative factor (φ/φ0)
1−w, the scale-invariant
quantity D̂∗aχ̂ has the same functional dependency on χ̂,
ĥ µa , Â
ab
µ and B̂µ, respectively, as D∗aχ does on χ, haµ,
Aabµ and Bµ. Moreover, one also quickly finds that the
WGT gauge field strengths defined in (41) may be writ-
ten as Rabcd = (φ/φ0)2R̂abcd, T ∗abc = (φ/φ0)T̂ ∗abc and
Hab = (φ/φ0)2Ĥab, where each quantity with a caret is
scale-invariant and has the same functional dependence
on ĥ µa , Â
ab
µ and B̂µ as the corresponding original quan-
tity does on ha
µ, Aabµ and Bµ, respectively.
Noting that h−1 = (φ/φ0)
−4ĥ−1, one is thus led to the
important conclusion that the Lagrangian density LT in
(60) may be written as (suppressing indices for brevity)
LT=LG(ĥ, Â, ∂Â, ∂B̂)+LM(ϕ̂, ∂ϕ̂, φ0, 0, ĥ, ∂ĥ, Â, ∂Â, B̂).
(93)
In other words, when written in terms of the scale-
invariant field variables, the Lagrangian density LT (in-
deed each term separately) has the same functional form
as it does in terms of the original variables with φ = φ0.
Thus, if χ represents ϕ, ha
µ, Aabµ or Bµ, one may im-
mediately conclude that (each term in) the equation of
motion δLT/δχ̂ = 0 has the same functional form as
(the corresponding term in) δLT/δχ|φ=φ0 = 0, but with
ϕ, ha
µ, Aabµ and Bµ replaced by their scale-invariant
counterparts.
For the φ-field equation, however, the situation is
more subtle, since (93) does not depend explicitly on φ.
Nonetheless, one can still show that the same equivalence
holds as follows. Working firstly in terms of the original
variables, one begins by noting that δLT/δφ = δLM/δφ,
since LG does not depend on φ or its derivative. As dis-
cussed in Section II I, the invariance of the matter action
SM under local dilations leads to the WGT conservation
law (69c), which may be straightforwardly rewritten as
φ0
δLM
δφ
∣∣∣∣
φ=φ0
= −haµ δLM
δha
µ
∣∣∣∣
φ=φ0
+ ∂µ
(
δLM
δBµ
)
φ=φ0
,
(94)
where we have made use of the ϕ-field equation
δLT/δϕ = δLM/δϕ = 0 and set φ = φ0 in the result-
ing expression. Turning now to the expression (93) for
LT in terms of scale-invariant variables and applying the
chain rule for partial derivatives, one may show after a
lengthy but straightforward calculation that
φ
δLM
δφ
= −ĥ µa
δLM
δĥ µa
+ ∂µ
(
∂LM
∂B̂µ
)
, (95)
where we have again made use of the ϕ-field equation.
Since LM does not depend on the derivatives of B̂µ, one
may replace ∂LM/∂B̂µ by δLM/δB̂µ in the above equa-
tion. Then, comparing (94) and (95) and making use of
our earlier observations regarding the other field equa-
tions, one sees that the φ-field equation written in terms
of the scale-invariant variables also has the same func-
tional form as the φ-field equation in terms of the original
variables with φ = φ0.
For the remainder of our discussion, we will continue
to use the original field variables for the most part, and
occasionally simplify field equations by adopting the Ein-
stein gauge φ(x) = φ0, since this approach is more
familiar and straightforward. Nonetheless, the equiva-
lence of the results so obtained with those expressed in
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terms of scale-invariant variables should be borne in mind
throughout.
M. Motion of test particles in WGT
We may determine the equation of motion of a massive
matter test particle in WGT from the Dirac Lagrangian
(12), but modified to accommodate local scale-invariance
by simply introducing the massless scalar field φ and
making the replacement m→ µφ, as in (70). One begins
by constructing the appropriate action for a spin- 12 point
particle, and then makes the full classical approximation
in which the particle spin is neglected. This procedure
is outlined for a free particle in Appendix A. To include
gravitational effects in the point particle action (A9), one
needs only to make the replacements pµ → pa ≡ haµpµ,
x˙µ → va ≡ baµx˙µ and m→ µφ, which gives75
S = −
∫
dλ [pav
a − 12e(papa − µ2φ2)], (96)
where the three dynamical variables are the particle 4-
momentum pa(λ), 4-velocity va(λ) and the einbein e(λ)
along the worldline, which is parameterised by λ. We
note that the Weyl weights of the quantities appearing in
(96) are w(pa) = −1, w(va) = 0, w(e) = 1, w(λ) = 1 and
w(φ) = −1, so that the action is indeed scale-invariant.
Varying the action (96) with respect to the three dy-
namical variables, respectively, one obtains the equations
of motion
va = epa, (97)
p˙a = c
c
abv
bpc + eµ
2φ∂aφ, (98)
p2 = µ2φ2. (99)
where p2 ≡ papa and the quantities ccab are the PGT
counterparts of those defined in (45) (obtained by remov-
ing all asterisks). It is straightforward to show that (98)
can be written in a manifestly WGT-covariant manner
as
vc(D∗cpa − T ∗cabpb) = eµ2φD∗aφ. (100)
At first sight, (100) appears to show that ‘torsion’ enters
the particle equation of motion directly. As one might
suspect from our discussion in Sections II J and IIK,
however, appearances can be deceptive. Indeed, one may
show directly that (100) can be rewritten as
vc 0D∗cpa = eµ2φ 0D∗aφ, (101)
where 0D∗c is the reduced WGT covariant derivative, de-
fined in (48). The equation of motion (101) is again man-
ifestly WGT-covariant, but takes its simplest form when
one chooses e = 1/(µφ), in which case v2 = 1 and λ cor-
responds to the proper time τ along the worldline; in this
case the equation of motion becomes
φ vb 0D∗bva = (δba − vavb)0D∗bφ. (102)
For ease of calculation, one can rewrite this equation in
terms of the reduced PGT-covariant derivative as76–78
φ vb 0Dbva = (δba − vavb)∂bφ, (103)
which is again WGT covariant, but not manifestly so.
Moreover, if one uses local scale invariance to impose the
Einstein gauge φ = φ0 (a constant), then (103) reduces
to
vb 0Dbva = 0. (104)
When reinterpreted geometrically (see Section IIO and
Appendix B), the quantities 0Aabµ appearing in
0Db con-
tain the same geometrical information as the metric con-
nection. Thus, (104) describes the gauge theory equiv-
alent of geodesic motion (as opposed, for example, to
motion along autoparallels, which would correspond to
the equation of motion vbDbva = 0). We note that
this conclusion differs from some previous studies79,80,
in which the WGT conservation laws applied to the en-
ergy momentum tensor of dust yield an equation of mo-
tion for a matter test particle that contains an additional
electromagnetic-like Lorentz force term proportional to
(qW/m)Habvb, where qW is the particle’s Weyl charge
and m is its mass. Such a term is absent from the equa-
tion of motion (104), since the latter is derived by con-
sidering the Dirac action, which does not depend on the
dilation gauge field Bµ. It is feasible that by constructing
a point particle action based instead upon (say) the ac-
tion for a scalar field, which does depend on the dilation
gauge field, one would arrive at an equation of motion
that does contain the Lorentz-force term above. We do
not consider this further here, however, since in our opin-
ion ‘normal’ matter is more appropriately described by
Dirac particles.
By setting µ = 0 in the action (96) and choosing the
einbein e = 1, such that v2 = 0, one finds that the
equation of motion in the massless case (for example,
a massless neutrino) is again given by (104), even with-
out imposing the Einstein gauge. One may also arrive
at a similar conclusion for the motion of photons by di-
rectly considering the dynamics of the electromagnetic
field. As discussed in Section IIK, the EM field tensor in
WGT again satisfies the field equation and Bianchi iden-
tity given in (89), which have precisely the same form as
those obtained in the absence of torsion. Consequently,
one may immediately infer that the equation of motion
for photons is also given by (104), so that they too fol-
low the gauge theory equivalent of geodesic motion. It
is worth noting that the lack of a Lorentz-force term is
again related to the absence of the dilation gauge field
Bµ from the WGT action for the electromagnetic field.
To deduce the geodesic equation of motion (104), it was
necessary to impose the Einstein gauge condition φ = φ0.
As one might suspect from our discussion in the previous
section, however, this is unnecessary and an equivalent
result may be obtained directly in terms of scale-invariant
variables, as we now demonstrate. Returning to the ac-
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tion (96), let us introduce the new scale-invariant vari-
ables
λ̂ ≡
(
φ
φ0
)
λ, (105a)
p̂a ≡ ĥ µa pµ =
(
φ
φ0
)−1
pa, (105b)
v̂a ≡ b̂aµ
dxµ
dλ̂
= va, (105c)
ê ≡
(
φ
φ0
)
e, (105d)
where p̂a, v̂
a and ê are to be considered as functions of
λ̂, such that for example p̂a(λ̂) ≡ ĥ µa pµ(λ(λ̂)). It is then
straightforward to show that (96) can be rewritten as
S = −
∫
dλ̂ [p̂av̂
a − 12 ǫ̂(p̂ap̂a − µ2φ20)], (106)
where we have introduced the new scale-invariant ein-
bein ǫ̂ = [1 − λ̂(dxµ/dλ̂)∂µ ln(φ/φ0)]ê. Thus, in terms
of the scale-invariant variables λ̂, p̂a, v̂
a and ǫ̂, respec-
tively, the action (106) has the same functional form as
it does in terms of the original variables λ, pa, v
a and e
with φ = φ0. Moreover, in the definitions of the scale-
invariant variables (105), each occurrence of the gravita-
tional gauge field ha
µ or its inverse baµ in the original
variables has merely been replaced by its scale-invariant
counterpart ĥ µa or b̂
a
µ. Thus, the calculation presented
above follows through in a similar manner, but in terms
of the corresponding scale-invariant variables and with
φ = φ0. One therefore arrives at a result analogous to
(104) but written entirely in terms of scale-invariant vari-
ables, namely
v̂b 0D̂bv̂a = 0, (107)
where we have defined the derivative operator 0D̂a ≡
ĥ µa
0Dµ.
N. Reduced WGT
In Section II E, we introduced the ‘reduced’ WGT co-
variant derivative operator 0D∗µ in (48), to which the
‘full’ WGT covariant derivative (20) reduces in the case
that the WGT torsion T ∗abc vanishes (which is a properly
WGT-covariant condition). In the context of WGT, we
will use the term ‘reduced’ to refer to versions of quanti-
ties in which, by construction, the rotational gauge field is
not an independent field, but is determined by the other
gauge fields h and B through the expression (46) with
T ∗abc ≡ 0. Hence such quantities may be written entirely
in terms of these other gauge fields, and are denoted by
a zero superscript preceding the kernel letter.
One can use the covariant derivative 0D∗µ to build
an alternative class of scale-invariant gravitational gauge
theories, which we term ‘reduced WGT’, that depend
only the h and B gravitational gauge fields and corre-
spond mathematically to imposing the condition of van-
ishing WGT torsion directly at the level of the action.
Such theories have been studied previously, most notably
by Dirac54, and are of some phenomenological interest.
One begins by defining the ‘reduced’ gauge field
strengths in the usual manner by considering the com-
mutator of reduced covariant derivatives. One finds that
[0D∗µ,
0D∗ν ]ϕ =
1
2
0R∗abµνΣabϕ+ wHµνϕ, (108)
where we have defined the ‘reduced’ field strength ten-
sor 0R∗abµν(h, ∂h, ∂
2h,B, ∂B), which is again given by
the formula (39), but with Aabµ replaced by
0A∗abµ, and
hence depends only on the h andB fields and their deriva-
tives, as indicated. Considering instead the commutator
of ‘reduced’ generalised covariant derivatives, one obtains
[0D∗c , 0D∗d]ϕ = 12 0R∗abcdΣabϕ+ wHcdϕ, (109)
where 0R∗abcd = hcµhdµ 0R∗abµν . Unlike (41), the com-
mutator (109) has no term containing a ‘reduced’ trans-
lational field strength of the h gauge field, since 0T ∗abc ≡
hb
µhc
ν(0D∗µb
a
ν − 0D∗νbaµ) = 0. As one might expect, the
Bianchi identities satisfied by the reduced field strength
tensors are identical to those given in Section II F, but
with the replacements D∗a → 0D∗a, Rabcd → 0R∗abcd and
T ∗abc → 0T ∗abc ≡ 0.
Since the ‘full’ generalised covariant derivative is given
in terms of the ‘reduced’ one by (49), it is straightfor-
ward to show that the ‘full’ field strength tensor Rabcd
appearing in (41) is related to its ‘reduced’ counterpart
by
Rabcd = 0R∗abcd + 0D∗cK∗abd − 0D∗dK∗abc +K∗aecK∗ebd −K∗aedK∗ebc (110a)
Rac = 0R∗ac + 0D∗cK∗abb − 0D∗bK∗abc +K∗aecK∗ebb −K∗aebK∗ebc, (110b)
R = 0R∗ + 14T ∗abcT ∗abc + 12T ∗abcT ∗bac − T ∗aT ∗a − 2 0D∗aT ∗a. (110c)
where, for completeness, we have also given explicitly
the relationships between the contractions of Rabcd and
0R∗abcd.
For reduced WGT, the free gravitational Lagrangian
density LG = h−1LG, where by analogy with (58),
LG = L0R∗2 + LH2 , (111)
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which is based on (4) with Rabcd replaced by 0R∗abcd. As
previously, one can simplify (111) still further (in D ≤ 4
dimensions), since 0R∗abcd and its contractions also sat-
isfy a Gauss–Bonnet identity of the form (59), but with
Rabcd → 0R∗abcd. Thus, one can set to zero any one of the
parameters αi in (111) with no loss of generality (at least
classically). A typical form for the matter Lagrangian
density LM is that given in (79), but with appropriate
modifications81, namely
LM = h−1[ 12 iψ¯γa
↔
0Daψ−µφψ¯ψ+ 12ν(0D
∗
aφ)(
0D∗aφ) − λφ4
−aφ2 0R∗],(112)
The total Lagrangian density thus has the following
functional dependencies in the most general case,
LT = LG(h, ∂h, ∂2h,B, ∂B)
+LM(ϕ, ∂ϕ, φ, ∂φ, h, ∂h, ∂2h,B, ∂B). (113)
The resulting field equations for the gravitational gauge
fields will clearly have the same generic structure as those
given in Section IIH, although without the A-field equa-
tion (62b), but the specific forms for each term are not, in
general, obtained from the corresponding ‘full’ WGT ex-
pressions simply by replacing the ‘full’ covariant deriva-
tive and field strength tensors with their ‘reduced’ coun-
terparts. Nonetheless, the matter field equations will still
take the form (67a)–(67b), but with the replacements
D∗a → 0D∗a and T ∗a → 0T ∗a ≡ 0. One should also note,
however, that the gravitational and matter Lagrangians
are both, in general, quadratic in second derivatives of
the h-field, and so the resulting field equations are typi-
cally linear in fourth-order derivatives of h; such theories
typically suffer from Ostrogradsky’s instability, although
this needs to be investigated on a case-by-case basis.
The conservation laws in reduced WGT do have the
same form as those given in Section II I for WGT, but
with the replacements D∗a → 0D∗a, T ∗abc → 0T ∗abc ≡ 0 and
sabc ≡ 0 ≡ σabc. Furthermore, by performing analogous
calculations to those presented in Sections II L and IIM,
respectively, one may show that our conclusions in WGT
regarding the interpretation of the Einstein gauge and
the motion of test particles also apply in reduced WGT.
Finally, as alluded to above, it is important to distin-
guish reduced WGT, in which the condition of vanishing
WGT torsion is imposed directly at the level of the ac-
tion, from instead setting the (properly WGT-covariant)
condition T ∗abc = 0 in the field equations of WGT. In the
latter case, the notion of the reduced covariant deriva-
tive operator 0D∗µ in (48) is still useful, as we have seen
in Sections II J, IIK and IIM, but the basic field equa-
tions remain linear in second-order derivatives of the
gauge fields; although one can substitute for the rota-
tional gauge field to obtain equations that contain higher-
order derviatives, the theory does not suffer from Os-
trogradsky’s instability. In essence, the two approaches
correspond to ‘second-order’ and ‘first-order’ variational
formalisms, respectively. Indeed, they are analogous to
the metric and Palatini variations used in the study of
geometric theories of modified gravity, where in the lat-
ter method the metric (Levi–Civita) connection is subse-
quently imposed in the resulting field equations; the two
methods yield the same (second-order) field equations
only for the Lovelock action82–84, which coincides with
the Einstein–Hilbert action (plus a cosmological constant
term) in D = 4 dimensions.
O. Geometric interpretation of WGT
So far, we have been firm in our resolve to regard ha
µ,
Aabµ and Bµ purely as gauge fields in Minkowski space-
time, and have avoided attaching any geometric interpre-
tation to them. Although we will maintain this viewpoint
in this paper, it is nonetheless common practice to rein-
terpret WGT in geometric terms, and we therefore give
a brief account of this reinterpretation here.
At the heart of the geometric interpretation of WGT
(and PGT) is the identification of ha
µ as the components
of a vierbein system in a more general spacetime. Thus,
at any point x in the spacetime, one demands that the or-
thonormal tetrad frame vectors eˆa(x) and the coordinate
frame vectors eµ(x) are related by
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eˆa = ha
µ
eµ, eµ = b
a
µeˆa, (114)
with similar relationships holding between the dual ba-
sis vectors eˆa(x) and eµ(x) in each set. For any other
vector J , written in the coordinate basis as (say) Jµe
µ,
one then identifies the quantities Ja = ha
µJµ, for ex-
ample, as the components of the same vector, but in
the tetrad basis. This is a fundamental difference from
the Minkowski spacetime viewpoint presented earlier, in
which Ja = haµJµ would be regarded as the components
in the tetrad basis of a new vector field J .
The identification of ha
µ as the components of a vier-
bein system has a number of far-reaching consequences.
Firstly, the index-conversion properties of ha
µ and baµ
are extended. It is straightforward to show, for example,
that ha
µJa = Jµ and baµJ
µ = Ja. Moreover, any con-
traction over Latin (Greek) indices can be replaced by
one over Greek (Latin) indices. None of these operations
is admissible when the h and A fields are viewed purely
as gauge fields in Minkowski spacetime.
Perhaps the most important consequence of identifying
ha
µ as the components of a vierbein system is that the
inner product of the coordinate basis vectors becomes
eµ · eν = ηabbaµbbν ≡ gµν . (115)
Thus, in this geometric interpretation, one must work in
a more general spacetime with metric gµν . Conversely,
since the tetrad basis vectors still form an orthonormal
set, one has
eˆa · eˆb = ηab = gµνhaµhbν . (116)
From (115), one also finds that h−1 =
√−g (where we
are working with a metric signature of −2). Under a (lo-
cal, physical) dilation, the spacetime metric and h-field
22
have Weyl weights w(gµν) = 2 and w(ha
µ) = −1 respec-
tively, and so (115) and (116) imply that w(ηab) = 0, as
expected. From (114)–(116), one immediately finds that
the h-field and its inverse are directly related by index
raising/lowering, so there no need to distinguish between
them by using different kernel letters. Consequently, the
standard practice, which we will follow here, is to notate
ha
µ and baµ as ea
µ and eaµ, respectively.
One is also led naturally to the interpretation of Aabµ
as the components of the ‘spin-connection’ that encodes
the rotation of the local tetrad frame between points x
and x + δx, which is accompanied by a local change in
the standard of length between the two points, which is
encoded by Bµ. Thus, the operation of parallel transport
for some vector Ja of weight w is defined as
δJa = −(Aabµ + wBµδab )Jb δxµ, (117)
which is required to compare vectors Ja(x) and Ja(x+δx)
at points x and x + δx, determined with respect to the
tetrad frames eˆa(x) and eˆa(x+ δx) respectively. Hence,
in general, a vector not only changes its direction on par-
allel transport around a closed loop, but also its length.
The expression (117) establishes the correct form for the
related (Λ, ρ)-covariant derivative, e.g.
D∗µJ
a = ∂µJ
a + wBµJ
a +AabµJ
b = ∂∗µJ
a +AabµJ
b,
(118)
where we have used the partial derivative operator ∂∗µ
defined in (25). Moreover, the existence of tetrad frames
at each point of the spacetime implies the existence of
the Lorentz metric ηab at each point. Then demanding
that ηab is invariant under parallel transport, and recall-
ing that w(ηab) = 0, requires the spin-connection to be
antisymmetric, i.e. Aabµ = −Abaµ, as previously.
Substantial differences between the Minkowski space-
time gauge field viewpoint and the geometric interpre-
tation do occur, however, when generalising the (Λ, ρ)-
covariant derivative to apply to fields with definite GCT
tensor behaviour. First, in the geometric interpretation,
one can in general no longer construct a global inertial
Cartesian coordinate system in the more general space-
time. Thus, one must rely on arbitrary coordinates and
so define the ‘total’ covariant derivative
∆∗µ ≡ ∂∗µ+ΓσρµXρσ+ 12AabµΣab = ∇∗µ+D∗µ−∂∗µ, (119)
where ∇∗µ = ∂∗µ+ΓσρµXρσ and Xρσ are the GL(4, R) gen-
erator matrices appropriate to the GCT tensor character
of the field to which ∆∗µ is applied. If a field ψ carries
only Latin indices, then ∇∗µψ = ∂∗µψ and so ∆∗µψ = D∗µψ;
conversely, if a field ψ carries only Greek indices, then
D∗µψ = ∂
∗
µψ and so ∆
∗
µψ = ∇∗µψ. When acting on an ob-
ject of weight w, for all these derivative operators the re-
sulting object also transforms covariantly with the same
weight w.
Most importantly, in a dynamical spacetime, the affine
connection coefficients Γσρµ are themselves dynamical
variables, no longer fixed by our choice of cooordinate
system. They are, however, necessarily related to the
spin-connection and dilation vector since, provided Ja
has weight w = 1, the tetrad components of a vector with
coordinate components Jµ should, when parallel trans-
ported from x to x+ δx, be equal to Ja + δJa, i.e.
Ja + δJa = (Jµ + δJµ) eaµ(x+ δx). (120)
In other words, the quantities Aabµ and Γ
σ
ρµ represent
the same geometrical object in two different frames, and
hence there remain 44 gravitational field variables in all.
From (120), we obtain the relation
∆∗µe
a
ν ≡ ∂∗µeaν − Γσνµeaσ +Aabµeaν = 0, (121)
which relatesA and Γ (and B); in particular, we note that
w(Γσνµ) = 0. The relation (121) is sometimes known as
the ‘tetrad postulate’, but note that it always holds. It
is straightforward to show that A or Γ may be written
explicitly in terms of the other as
Γλνµ = ea
λ(∂∗µe
a
ν +A
a
bµe
b
ν), (122)
Aabµ = e
a
λ(∂
∗
µeb
λ + Γλνµeb
ν). (123)
Using (115) and (121), one finds that ∇∗σgµν = 0, and
so this derivative operator commutes with raising and
lowering of coordinate indices. Equivalently, one may
write this semi-metricity condition as
∇σgµν = −2Bσgµν , (124)
which shows that the spacetime has, in general, a Weyl–
Cartan Y4 geometry. Hence, in general, the connection
is neither metric compatible nor torsion-free. Moreover,
substituting (123) into the expressions (39) and (42) for
the gauge field strengths Rabµν and T
∗a
µν , one finds that
Rρσµν = 2(∂[µΓ
ρ
|σ|ν] + Γ
ρ
λ[µΓ
λ
|σ|ν])−Hµνδρσ, (125)
T ∗λµν = 2Γ
λ
[νµ], (126)
Hµν = 2∂[µBν], (127)
where Rρσµν = ea
ρebσR
a
bµν and T
∗λ
µν = ea
λT ∗aµν .
Thus, although we recognise T ∗λµν as (minus) the tor-
sion tensor of the Y4 spacetime, we see that R
ρ
σµν is not
simply its Riemann tensor. Rather, the Riemann tensor
of the Y4 spacetime is given by
R˜ρσµν ≡ Rρσµν +Hµνδρσ. (128)
One should note that, although R˜ρσµν is antisymmet-
ric in (µ, ν), it is no longer antisymmetric in (ρ, σ) (in-
deed R˜(ρσ)µν = gρσHµν) and does not satisfy the fa-
miliar cyclic and Bianchi identities of the Riemann ten-
sor in a Riemannian V4 spacetime. One may also show
that, with the given arrangements of indices, both R˜ρσµν
(or Rρσµν) and T
∗λ
µν transform covariantly with weight
w = 0 under a local dilation. It is also worth noting that
R˜µν ≡ R˜ λµλν = Rµν −Hµν and R˜ ≡ R˜µµ = R. As one
might expect, the quantities (125)–(128) arise naturally
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in the expression for the commutator of two derivative
operators acting on a vector Jρ (say) of Weyl weight w,
which is given by
[∇∗µ,∇∗ν ]Jρ = R˜ρσµνJσ+wHµνJρ−T ∗σµν∇∗σV ρ. (129)
Finally, from (124), one also finds that the affine con-
nection must satisfy
Γλµν =
0Γ∗λµν +K
∗λ
µν , (130)
where the first term on the RHS reads
0Γ∗λµν =
1
2g
λρ(∂∗µgνρ + ∂
∗
νgµρ − ∂∗ρgµν)
= 0Γλµν + δ
λ
νBµ + δ
λ
µBν − gµνBλ, (131)
in which 0Γλµν ≡ 12gλρ(∂µgνρ + ∂νgµρ − ∂ρgµν) is the
standard metric (Christoffel) connection and K∗λµν is
the Y4 contortion tensor
K∗λµν = − 12 (T ∗λµν − T ∗νλµ + T ∗µνλ), (132)
for which it is worth noting that K∗λµν = −K∗µλν .
The result (130) is the analogue of the expression (47)
in the gauge theory viewpoint. Indeed, it is also of in-
terest to consider briefly the geometric interpretation of
the quantities 0A∗abµ, introduced in (47), which depend
only on the h-field, its first derivatives and the B-field.
Following an analogous argument to that given above,
but considering instead the reduced covariant derivative
0D∗µ, as defined in (48), one finds that
0A∗abµ and the
connection 0Γ∗σρµ represent the same geometrical object
in two different frames, and one obtains a ‘reduced’ form
of the tetrad postulate (121) given by
0∆∗µe
a
ν ≡ ∂∗µeaν − 0Γ∗σνµeaσ + 0A∗abµebν = 0. (133)
It thus follows that the relationships (122) and (123)
again hold with the replacements Γσνµ → 0Γ∗σνµ and
Aabµ → 0A∗abµ, from which one can directly derive (131).
One also obtains the metricity condition 0∇∗σgµν = 0. Fi-
nally, the expression (125) for the curvature also holds,
but with Rρσµν → 0R∗ρσµν and Γσνµ → 0Γ∗σνµ, whereas
(126) becomes simply 0T ∗λµν = 0, indicating the ab-
sence of torsion, as expected. The expression (129) is
also valid, but with ∇∗µ → 0∇∗µ, Rρσµν → 0R∗ρσµν and
T ∗σµν → 0T ∗σµν = 0.
Finally, it is worth noting that, in any given gravita-
tional theory, one can choose to interpret some quantities
as geometric properties of the underlying spacetime and
others as fields residing in that spacetime. Indeed, one
can place the dividing line anywhere, with the gauge the-
ory approach advocated in this paper and the geometric
interpretation just described representing extreme ends
of this range of possibilities: the former interprets all
quantities as fields residing in a background Minkowski
spacetime, whereas the latter interprets all gravitational
quantities in terms of geometric properties of the under-
lying spacetime. This is discussed further in Appendix B,
in the context of PGT.
III. EXTENDED WEYL GAUGE THEORY
We now consider a novel alternative to standard Weyl
gauge theory, which has a number of interesting features.
Recall that, in Sections II J and IIK respectively, we
showed that the PGT matter actions for the (massless)
Dirac field and the electromagnetic field are already in-
variant under local dilations (and are, indeed, identical
to their WGT counterparts), provided the gravitational
gauge fields ha
µ and Aabµ transform under local Weyl
transformations as (27) and (23), respectively. Consid-
ering just the local dilation part of the transformation86,
for the fields ha
µ and Aabµ one has
h′a
µ
(x) = e−ρ(x)ha
µ(x), (134)
A′abµ(x) = A
ab
µ(x), (135)
showing that they transform covariantly with weights
−1 and 0, respectively (where we have temporarily re-
instated the explicit notational dependence of the fields
on spacetime position x).
It is straightforward to show, however, that the Dirac
and electromagnetic field actions in PGT (and WGT) re-
main invariant under local dilations, even if one assumes
a more general ‘extended’ transformation law for the A-
field, whilst still retaining the original h-field transforma-
tion law, such that (134) and (135) are replaced by
h′a
µ
= e−ρha
µ (136)
A′abµ = A
ab
µ + θ(b
a
µPb − bbµPa), (137)
where Pν ≡ ∂νρ, Pa ≡ haνPν and θ is an arbitrary pa-
rameter that can take any value87. Moreover, under a
global scale transformation, the ‘extended’ transforma-
tion laws (136) and (137) for the h and A fields reduce to
the same form as the ‘normal’ ones (134) and (135), and
may be considered as an equally valid gauging of global
scale invariance. These observations provide compelling
motivation for exploring the properties of the gauge the-
ory of local Weyl transformations in which the h and A
fields obey the transformations (136) and (137) under lo-
cal dilations; we call this extended Weyl gauge theory
(eWGT).
A complementary motivation for exploring eWGT is
that the ‘extended’ transformation laws (136) and (137)
lead to transformation properties for the PGT curvature
Rabcd and torsion T abc that are on a more equal footing
with one another than those that result from the stan-
dard WGT transformations laws (134) and (135). Under
the latter set of transformations, Rabcd and T abc behave
in very different ways. The PGT curvature Rabcd trans-
forms covariantly with weight w = −2 and also acts as
the field strength tensor of the A gauge field in WGT.
By contrast, the PGT torsion T abc transforms inhomo-
geneously as
T ′abc = e−ρ(T abc + Pbδac − Pcδab ), (138)
and one must instead introduce T ∗abc as the field
strength tensor for the h gauge field in WGT. Indeed, the
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transformations (134) and (135) have the consequence of
inducing PGT torsion. Considering the case where the h-
field originally has vanishing PGT torsion T abc = 0, the
inhomogeneous nature of the transformation law (138)
means that the local dilation leads to T ′abc 6= 0.
Assuming the ‘extended’ transformation laws (136)
and (137), however, the PGT curvature and torsion
transform under local dilations as
R′abcd = e−2ρ{Rabcd + 2θδ[ad (Dc − θPc)Pb] − 2θδ[ac (Dd − θPd)Pb] − 2θP [aT b]cd − 2θ2δ[ac δb]d PePe}, (139)
T ′abc = e−ρ{T abc + 2(1− θ)P[bδac]}. (140)
Thus, for general values of θ, neither Rabcd nor T †abc
transforms covariantly, but for θ = 0 one recovers the
‘normal’ transformation law (135) for the A-field, which
results in a covariant transformation law for the PGT
curvature under local dilations, whereas for θ = 1 one
obtains the ‘special’ transformation law for the A-field,
A′abµ = A
ab
µ + (b
a
µPb − bbµPa), (141)
which leads to a covariant transformation law with weight
w = −1 for the PGT torsion. By considering the ‘ex-
tended’ A-field transformation law (137), one can there-
fore accommodate both cases in a balanced manner. The
corresponding transformation laws for the contractions
of the PGT curvature and torsion are given explicitly in
Section VA, and those for the ‘reduced’ PGT curvature
0Rabcd and its contractions (see Appendix B) are given
in Section VB; the ‘reduced’ PGT torsion 0T abc vanishes
identically.
A. Extended local Weyl invariance
As usual, our first task is to define a method for
converting a matter action invariant under global Weyl
transformations into one that is invariant under local
Weyl transformations, but where the h and A fields are
now assumed to transform under local dilations as (136)
and (137), respectively. From now on we will call this
combination ‘extended local Weyl transformations’, al-
though it should be noted that we are not extending the
form of GCT, local Lorentz or local scale transforma-
tions under consideration, but merely assuming an al-
ternative (or ‘extended’) form for the transformation of
the A-field under local dilations. In particular, we re-
quire the action to be invariant for arbitrary values of
the parameter θ in (137). Following the standard gauge-
theory approach, we construct a new covariant derivative
that transforms under these transformations in the same
way as the standard partial derivative transforms under
global Weyl transformations, namely according to (8).
As in WGT, we construct the covariant derivative in two
stages.
In the first step, we construct a (Λ, ρ)-covariant deriva-
tive D†µϕ by introducing a dilation vector gauge field
(called Vµ to distinguish it from the dilation gauge field
Bµ in WGT). In constructing this derivative, the A-field
transformation law (137) suggests the introduction of a
modified A-field of the form
A†abµ ≡ Aabµ + (Vabbµ − Vbbaµ), (142)
where Va = haµVµ. Clearly, by construction, A†abµ is
also antisymmetric in a and b. It is worth noting that
we do not consider A†abµ to be a fundamental field, but
merely a shorthand for the combination of the gauge
fields ha
µ (or its inverse), Aabµ and Vµ on the RHS of
(142). As in WGT, one must also include terms in the
covariant derivative to cancel terms arising from ∂µϕ
′
and, in this case, also from the transformation of A†abµ.
By demanding that D†µϕ transforms in the same way
as (22) under extended local Weyl transformations, one
finds that the appropriate form for the covariant deriva-
tive is88
D†µϕ ≡ (∂µ + 12A†abµΣab − wVµ − 13wTµ)ϕ, (143)
in which w is the Weyl weight of the field ϕ and Tµ =
baµTa, where Ta is the trace of the PGT torsion (see
Appendix B), obtained by removing the asterisks from
equation (66). Here we consider Tµ merely as a short-
hand for this corresponding function of the gauge fields
ha
µ and Aabµ. Under the extended local scale transfor-
mations (136)–(137), it is straightforward to show that
T ′µ = Tµ + 3(1 − θ)Pµ and so (143) does indeed trans-
form covariantly with Weyl weight w provided that the
dilation gauge field transforms (inhomogeneously, as ex-
pected) according to
V ′µ = Vµ + θPµ, (144)
which is the ‘extended’ counterpart to (24) in WGT. This
transformation law also ensures that the modified A-field
(142) is invariant under the extended scale transforma-
tions (136)–(137), i.e. A†′abµ = A
†ab
µ and so it has a
weight w = 0. Note how this emulates the invariance
property (135) of the original A-field under normal scale
transformations.
An alternative approach to obtaining the form of the
covariant derivative (143) and the V -field transformation
law (144) is given in Appendix E, where we demonstrate
that the Weyl weight w of the field ϕ on which the co-
variant derivative acts does not need to be inserted into
(143) ‘by hand’, but instead arises naturally, in contrast
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to standard WGT, and (143) is picked out as the unique
form for the eWGT covariant derivative.
It is important to note that the covariant derivative
(143) does not explicitly contain the parameter θ. Con-
sequently, it does not reduce to the standard WGT co-
variant derivative D∗µϕ (with Bµ replaced by Vµ) in the
case θ = 0, in which one recovers the ‘normal’ local Weyl
transformations. Indeed, in this case, one sees from (144)
that one can covariantly set Vµ = 0, so that A
†ab
µ = A
ab
µ
and the covariant derivative (143) may be written simply
as D†µϕ
∣∣
θ=0
= (Dµ − 13wTµ)ϕ, in which the role played
by the usual dilation gauge field Bµ in WGT has been
taken up instead by the trace of the PGT torsion; such
a replacement has been discussed previously89. Con-
versely, in the case θ = 1, for which one recovers the
‘special’ transformation (141) for the A-field, one can co-
variantly set the PGT torsion to zero, and hence Tµ = 0,
so that the covariant derivative (143) may be written as
D†µϕ
∣∣
θ=1
≡ (∂µ + 12A†abµΣab − wVµ)ϕ.
For the remainder of our discussion, however, we will
consider the general case in which the parameter θ may
take any value. As for any gauge theory, the correspond-
ing covariant derivative (143) defines the structure of
eWGT. Indeed, in principle, one could forgo the pre-
ceding discussion and simply start with the definition
(143), together with (142) and the transformation laws
of ha
µ, Aabµ, and Vµ, to construct eWGT. By analogy
with WGT, we note that it is sometimes convenient to
write the (Λ, ρ)-covariant derivative (143) as
D†µϕ = (∂
†
µ +
1
2A
†ab
µΣab)ϕ, (145)
where we have defined the derivative operator
∂†µ ≡ ∂µ − w(Vµ + 13Tµ). (146)
It is straightforward to show that ∂†µϕ(x) itself also trans-
forms covariantly with weight w (i.e. the same weight as
the field ϕ) under local dilations assuming the extended
transformation laws (136)–(137) (but does not transform
covariantly under local Poincare´ transformations).
In the second step of the gauging process, precisely as
in WGT, we define a generalised covariant derivative
D†aϕ ≡ haµD†µϕ, (147)
which transforms covariantly with weight w − 1, as de-
sired. Having achieved our aim of constructing an ap-
propriate covariant derivative, we can now straightfor-
wardly convert a matter action invariant under global
Weyl transformations into one that is invariant under
extended local Weyl transformations, which is given by
SM =
∫
h−1LM(ϕ,D†aϕ) d4x. (148)
Once again, it is convenient to denote the integrand of the
action by the Lagrangian density LM ≡ h−1LM(ϕ,D†ϕ).
We note that the gravitational gauge fields h, A and V in
eWGT contain a total of 44 independent variables, as in
WGT. As was the case in WGT, (148) is not guaranteed
to inherit invariance properties possessed by original ac-
tion under other types of transformation, so (148) may
need to be modified to satisfy any further required in-
variances.
As in WGT, one may also introduce an additional
‘compensator’ scalar field φ (or fields) into the matter ac-
tion, which opens up possibilities for the inclusion of fur-
ther terms in the matter action that non-minimally (con-
formally) couple φ to the eWGT gravitational gauge field
strengths (see Section III D). In particular, terms propor-
tional to φ2R† or φ2LT †2 are extended Weyl-covariant
with weight w = −4 and so may be added to LM.
B. Relationship to other approaches
Before continuing with the formal development of
eWGT, it is worth commenting briefly on the relationship
of our approach to others in the literature. In particular,
by introducing the modified A-field in (142), one might
ask whether the modified transformation law in (137)
corresponds to some ‘deformation’ of the action of the
Weyl group, which underlies the physical symmetries we
are assuming. Indeed, it might seem that such a defor-
mation does occur if one takes the view that specifying
the group action leads uniquely to a given set of gauge
fields and transformation laws; in some approaches these
do follow directly from the structure constants of the as-
sociated Lie group.
There have, for example, been several attempts in the
literature to carry out local gauging not just for the Weyl
group, but for the full conformal group, i.e. with spe-
cial conformal translations included as well as rotations,
translations and dilations. An early approach to this by
Kaku et al.90 considers the representation of the full con-
formal group O(4, 2) via the 4 × 4 Dirac matrix algebra
of SU(2, 2), to which O(4, 2) is locally isomorphic. In
this approach, the structure constants of the group to
be locally gauged feed through via the Maurer–Cartan
equations to give the ‘curvatures’ corresponding to the
different group elements. These equations are therefore
fixed by the initial group structure.
Of course, such a method is very different to that
which we carry out here. We emphasise in particular
that after the decoupling of the translation and dilational
parts of the transformation described at the start of Sec-
tion II B, the form of scaling we describe here corresponds
to ‘Weyl scaling’, as discussed, for example, in Section 2.2
of Blagojevic10. In this case, all fields are rescaled accord-
ing to their Weyl weight, but without any accompanying
coordinate changes. This is still exactly the symmetry for
which we are providing a local gauging via our modified
A-field (142), and modified transformation laws (137),
and thus no ‘deformation’ has taken place of the under-
lying symmetry. In particular the associated group is still
‘Weyl scaling’, despite the changes in the implementation
of it.
26
It would, however, still be of interest to attempt to re-
late the proposed new transformations and extended A-
field found here with attempts at full conformal gauging,
such as carried out by Kaku et al., since some intriguing
relationships between the two approaches do exist. In
particular, both Kaku et al., and later Wheeler91, find
that the gauge field corresponding to special conformal
transformations, which in their approaches is an addi-
tional ‘vierbein-like’ field similar to the field correspond-
ing to translations, does not propagate, and can be elim-
inated via its equations of motion. This leaves a version
of ‘Weyl scaling’ as the only further symmetry remaining
in addition to translational and rotational symmetries.
The interest for our approach lies in the fact that, dur-
ing the gauging process, additional components of the
spin connection are found that are of similar form to the
new piece of the A-field we are proposing. An explicit ex-
ample of this can be seen in equation (6) of Kaku et al.,
in which a piece ebµba−eaµbb is added to the spin connec-
tion ωµab (their b-field is the ‘dilatation field’, which in
our case corresponds to V , while their eaµ is a version of
either our h-field or its inverse; it is difficult to make an
exact correspondence due to the very different way the
translation gauge field is treated between their approach
and ours.)
Furthermore, one of the problems of gauging the con-
formal group, which the Kaku et al. approach is trying to
overcome, lies in the fact that the global group generators
in a coordinate representation involve a naked 4D posi-
tion vector, xµ, and a local equivalent of this does not ex-
ist. However, if we nevertheless examine global conformal
transformations, then Section 4.1 of Blagojevic10 shows
how variation under these leads to a modified Lorentz
spin connection containing an extra term of the form
cbµxa− caµxb, where here caµ is the extra ‘vierbein-type’
field corresponding to the special conformal transforma-
tions. Here xa is a global surrogate for Va (noting the fact
that the generator of global dilations is x ·∇), and so this
is again suggestive that our proposed additional term in
the Lorentz spin connection given in (142), and the mod-
ified transformation laws (137) (involving an arbitrary
new parameter θ, which in the end does not appear in
the covariant derivative itself), may be linked with the
symmetries of the full conformal group, and may even
provide a new route through to its successful gauging.
We leave this topic to future research, however, and now
continue with our development of eWGT.
C. Minkowski spacetime interpretation of eWGT
The comments made in Section II C also hold in
eWGT, in particular the freedom to choose global in-
ertial Cartesian coordinates in the Minkowski spacetime
and, if required, the way in which the covariant deriva-
tive can be extended to act on quantities with a definite
tensor behaviour under GCT. In particular, the (Λ, ρ)-
covariant derivative in (143) becomes
D†µ = ∂
†
µ +
0ΓσρµX
ρ
σ +
1
2A
†ab
µΣab =
0∇†µ + 12A†abµΣab,
(149)
where 0∇†µ ≡ 0∇µ−w(Vµ+ 13Tµ), 0Γλµν ≡ 12γλρ(∂µγνρ+
∂νγµρ−∂ργµν) is the metric connection corresponding to
the (flat-space) metric γµν defined by the coordinate sys-
tem, and Xρσ are the GL(4, R) generator matrices appro-
priate to the GCT tensor character of the field to which
D†µ is applied, and w is its Weyl weight.
D. Gauge field strengths in eWGT
As in WGT, we define the gauge field strengths in
terms of the commutator of covariant derivatives. Con-
sidering first the eWGT (Λ, ρ)-covariant derivative, one
finds that
[D†µ, D
†
ν]ϕ =
1
2R
†ab
µνΣabϕ− wH†µνϕ, (150)
which is clearly of a similar form to the corresponding
result (38) in WGT, but the eWGT field strengths have
very different forms to their WGT counterparts, in par-
ticular their dependencies on the gauge fields.
The eWGT rotational field strength tensor is found to
have the form
R†abµν ≡ ∂µA†abν − ∂νA†abµ +A†acµA†cbν −A†acνA†cbµ, (151a)
= Rabµν + 4b
[b
[νDµ]Va] + 4V [aV[µbb]ν] − 2VeVeb[aµbb]ν + 2V [aT b]µν , (151b)
where Rabµν is the rotational gauge field strength (cur-
vature) in PGT (and WGT), T aµν is the PGT transla-
tional gauge field (torsion), and Dµ is the PGT covariant
derivative. The eWGT dilation gauge field strength reads
H†µν = ∂µ(Vν +
1
3Tν)− ∂ν(Vµ + 13Tµ). (152)
As in WGT, both R†abµν and H
†
µν transform covariantly
under GCT and local Lorentz rotations in accordance
with their respective index structures, and are invariant
under extended local dilations.
Considering instead the commutator of two generalised
covariant derivatives, one finds
[D†c ,D†d]ϕ = 12R†abcdΣabϕ− wH†cdϕ− T †acdD†aϕ, (153)
where R†abcd = hcµhdνR†abµν and H†cd = hcµhdνH†µν ,
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and the translational field strength is now given by
T †abc ≡ hbµhcν(D†µbaν −D†νbaµ) ≡ hbµhcνT †aµν . (154)
It is easy to show that, similarly to WGT, R†abcd, H†cd
and T †acd transform covariantly under extended local
dilations with weights w(R†abcd) = w(H†cd) = −2 and
w(T †acd) = −1 respectively.
For later convenience, it is worth noting that the ex-
plicit forms of R†abcd and its contractions are given in
terms of their PGT (and WGT) counterparts by
R†abcd = Rabcd + 2δ[bd (Dc + Vc)Va] − 2δ[bc (Dd + Vd)Va] − 2VeVeδ[ac δb]d + 2V [aT b]cd, (155a)
R†ac = Rac + 2(Dc + 12Tc + Vc)Va + δac (Db − 2Vb)Vb − T acbVb, (155b)
R† = R+ 6(Da + 13Ta − Va)Va, (155c)
where Da is the general PGT covariant derivative. Simi-
larly, T †abc is given in terms of its PGT counterpart by
T †abc = T abc + 13 (δab Tc − δacTb). (156)
It is particularly important to note from (156) that the
trace of the eWGT torsion vanishes identically, namely
T †b ≡ T †aba = 0, (157)
so that T †abc is completely trace-free (contraction on any
pair of indices yields zero). As we will see below, the
property (157) has some desirable and interesting con-
sequences for eWGT. Clearly, the dilational gauge field
strength H†ab is antisymmetric in a and b and hence also
has no non-trivial contractions.
The functional dependencies of the three field
strengths tensors on the gauge fields and their deriva-
tives are R†abcd(h,A, ∂A, V, ∂V ), T †abc(h, ∂h,A) and
H†ab(h, ∂h, ∂2h,A, ∂A, ∂V ). It is important to note that
these functional dependencies differ markedly from those
in standard WGT. In particular, R†abcd depends on the
dilation gauge field V and it first derivatives, whereas its
WGT counterpart has no dependence on the WGT di-
lation gauge field B. By contrast, the translational field
strength T †abc does not depend on the dilation gauge
field, whereas its WGT counterpart does. Finally, the
most profound difference occurs for the dilation field
strength H†ab, which depends on ∂h, ∂2h, A and ∂A, in
addition to the dependency, in common with its WGT
counterpart, on h and the first derivative of the dilation
gauge field. The dependence ofH†ab on the second deriva-
tive ∂2h is a particularly unusual feature as compared
with typical gauge theories, and is discussed in detail in
Section IVB.
E. Alternative form of covariant derivative in eWGT
In a similar manner to that discussed in Section II E
for WGT, one may obtain an alternative form for the
covariant derivative in eWGT. By analogy with (47) in
WGT, it is straightforward to show that
A†abc = 0A†abc(h, ∂h,A, V ) +K†abc(h, ∂h,A), (158)
in which we have defined the quantities 0A†abc ≡ 12 (c†abc +
c†bca − c†cab), where c† cab ≡ haµhbν(∂†µbcν − ∂†νbcµ), and
K†abc ≡ − 12 (T †abc+T †bca−T †cab). As before, both 0A†abc and
K†abc are antisymmetric in their first two indices. There
is a fundamental difference with WGT, however, since
0A†abc itself depends on the A gauge field, whereas this
was not the case previously. Less importantly, K†abc is
independent of the dilation gauge field, unlike its WGT
counterpart92.
Under an extended local Weyl transformation, the
quantities 0A†abc transform in the same way as A†abc,
whereas K†abc transform as the components of a local
tensor with weight w = −1. Thus, one can construct
the ‘reduced’ (Λ, ρ)-covariant derivative
0D†µϕ ≡ (∂†µ + 12 0A†abµΣab)ϕ, (159)
which transforms in the same way as D†µϕ under an ex-
tended local Weyl transformation. The key difference
in eWGT, however, is that 0D†µϕ still depends on the
A gauge field, and so is less deserving of the descrip-
tion ‘reduced’ than its counterpart in WGT. One can
define the corresponding generalised covariant derivative
0D†a ≡ haµ 0D†µ, which consequently transforms in the
same way as D†a, as required. The ‘full’ generalised co-
variant derivative is given in terms of the ‘reduced’ one
by the alternative form
D†aϕ = (0D†a + 12K†bcaΣbc)ϕ, (160)
which illustrates that, if one (covariantly) sets the eWGT
torsion (and hence contortion) to zero, then D†a reduces
to 0D†a.
F. Bianchi identities in eWGT
One may calculate the Bianchi identities satisfied by
the gravitational gauge field strengths R†abcd, T †abc and
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H†ab in eWGT by applying the Jacobi identity to the gen-
eralised covariant derivative D†a , in a similar manner to
that used in Section II F for WGT.
One quickly finds the three Bianchi identities
D†[aR†debc] − T †f [abR†dec]f = 0, (161a)
D†[aT †dbc] − T †e[abT †dc]e −R†d[abc] +H†[abδdc] = 0,(161b)
D†[aH†bc] − T †e[abH†c]e = 0. (161c)
Similar to WGT, for the special case in which the ‘tor-
sion’ is totally antisymmetric, such that T †abc = ǫabcdtd
for some vector td, then one may show that the second
term on the LHS of (161b) vanishes.
By contracting over the indices a and d in the
‘R-identity’ (161a), once obtains the once-contracted
Bianchi identity
D†aR†aebc− 2D†[bR†ec]− 2T †f a[bR†aec]f −T †f bcR†ef = 0.
(162)
Contracting again over b and e, one then finds the twice-
contracted Bianchi identity
D†a(R†ac − 12δacR†) + T †f bcR†bf + 12T †f abR†abcf = 0.
(163)
Turning to the ‘T -identity’ (161b) and contracting over
a and d, one obtains the further once-contracted Bianchi
identity
D†aT †abc + 2R†[bc] + 2H†bc = 0. (164)
It is worth noting that this is somewhat simpler than the
corresponding Bianchi identity (56) in WGT, because of
the condition (157) for the automatic vanishing of the
eWGT torsion trace. Thus, even in the most general
case, the covariant divergence of the translation gauge
field strength depends only the rotational and dilational
gauge field strengths. It is clear that the ‘H-identity’
(161c) has no non-trivial contractions.
G. Free gravitational action in eWGT
The construction of the free gravitational action in
eWGT is analogous to the approach adopted in WGT
and discussed in Section IIG. In principle, from R†abcd,
T †abc and H†ab, one can construct a free gravitational ac-
tion of the general form
SG =
∫
h−1LG(R†abcd, T †abc,H†ab) d4x, (165)
where the requirement of local scale invariance imposes
the constraint that LG must be a relative scalar with
Weyl weight w(LG) = −4. Hence, once again, LG can
be quadratic in R†abcd and H†ab, but terms linear in R† ≡
R†abab or quadratic in T †abc are not allowed. Similarly,
higher-order terms in R†abcd and H†ab are forbidden; in
principle one could include quartic terms in T †abc, but we
will not consider them here.
Thus, by analogy with WGT, the general form of LG,
possessing terms no higher than quadratic order in the
field strengths, is of the form
LG = LR†2 + LH†2, (166)
where the expressions for LR†2 and LH†2 are given in
(4), but written in terms of the eWGT field strengths,
i.e. making the replacements Rabcd →R†abcd and Hab →
H†ab. Performing a similar derivation to the WGT case71,
one can show that the eWGT field strength R†abcd satis-
fies a form of the Gauss–Bonnet identity such that the
combination (59), with the replacement Rabcd → R†abcd,
contributes a total derivative to the action (in D ≤ 4
dimensions), and so has no effect on the resulting field
equations. Hence one may set any one of α1, α3 or α6
in (4) to zero, without loss of generality (at least classi-
cally), but we will retain all these terms for the moment.
We note that, in the total Lagrangian (see Sec-
tion IIIH), one may also include terms of the generic
form φ2R† and φ2LT †2 , where LT †2 is given in (3) with
Tabc → T †abc (but with no term proportional to β3,
because the eWGT torsion trace vanishes identically).
Since these terms depend upon the scalar (compensator)
field φ, in addition to the gravitational gauge fields, we
do not consider them to be part of the free gravitational
action, but instead regard them as belonging to the mat-
ter Lagrangian LM.
H. Field equations in eWGT
As in WGT, the total action ST is simply the sum of
the matter and free gravitational actions. In the free
gravitational sector, the form of the gravitational La-
grangian (166) induces a dependence on all three gauge
fields and their first derivatives, plus a dependence on
∂2h (suppressing indices for brevity). The dependence of
the gravitational Lagrangian on ∂h makes eWGT more
similar to PGT than WGT, but the dependence on ∂2h
is unique to eWGT and arises from the term propor-
tional to H†abH†ab in (166). In the matter sector, covari-
ant derivatives of the matter field ϕ induce a dependence
on ϕ, ∂ϕ, h, ∂h, A and V ; the dependence on ∂h is new
compared to WGT and arises from the term containing
Ta in D†aϕ. We will also consider here the inclusion of
an additional ‘compensator’ scalar field φ in the mat-
ter action, and further admit the possibility that it may
include a kinetic term for the scalar field that contains
derivatives of φ. Moreover, if the matter action includes
a term proportional to φ2R†, then this brings an addi-
tional dependence on ∂A and ∂V ; the latter is new com-
pared to WGT. Finally, unlike in WGT, the inclusion of
a term of the generic form φ2LT †2 produces no additional
functional dependencies. Consequently, we take the total
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Lagrangian density to be
LT = LG(h, ∂h, ∂2h,A, ∂A, V, ∂V )
+LM(ϕ, ∂ϕ, φ, ∂φ, h, ∂h,A, ∂A, V, ∂V ), (167)
where we have indicated the functional dependencies in
the most general case. It is worth reiterating that these
dependencies differ considerably from those in WGT, as
indicated in (60).
Although LT is at most quadratic in the field
strength tensors R†abcd(h,A, ∂A, V, ∂V ), T †abc(h, ∂h,A)
and H†ab(h, ∂h, ∂2h,A, ∂A, ∂V ), the last of these depends
(linearly) on the second derivative ∂2h of the transla-
tional gauge field, as indicated. Thus, unlike in WGT, if
the term proportional to H†abH†ab is included in LG, then
the corresponding terms it generates in the resulting field
equations will typically be linear in fourth-order deriva-
tives of h. We discuss this issue in detail in Section IVB.
Variation of ST with respect to ha
µ, Aabµ, and Vµ leads
to three coupled gravitational field equations. As previ-
ously, it is convenient to work with quantities carrying
only Latin indices and write the general field equations
as
tab + τ
a
b = 0, (168a)
sab
c + σab
c = 0, (168b)
ja + ζa = 0, (168c)
where tab ≡ taµhbµ, sabc ≡ sabµbcµ and ja ≡ jµbaµ,
and similarly for the matter sector. In the gravitational
sector, taµ ≡ δLG/δhaµ, sabµ ≡ δLG/δAabµ and jµ ≡
δLG/δVµ respectively. In the matter sector, the energy-
momentum τaµ ≡ δLM/δhaµ, spin-angular-momentum
σab
µ ≡ δLM/δAabµ and dilation current ζµ ≡ δLM/δVµ
of the matter fields act as sources.
All the quantities in (168a)–(168c) are clearly invari-
ant under GCT, and it is straightforward to show that
they all transform covariantly under local Lorentz rota-
tions in accordance with their respective index structures.
Under extended local dilations, the quantities in (168b)
and (168c) are all covariant with weight w = 1. Contrary
to WGT, however, the individual quantities tab and τ
a
b
in (168a) are not, in general, covariant under extended
local dilations. This rather unusual feature is a result
of the transformation law (137) for Aabµ containing one
of the other gauge fields, namely the inverse h-field baµ.
Indeed, under an extended local dilation,
t′ab = tab + 2θ(sac
cPb − scbaPc), (169a)
τ ′ab = τab + 2θ(σac
cPb − σcbaPc), (169b)
although it is worth noting that the traces taa and τ
a
a
do transform covariantly, with weight w = 0 (i.e. invari-
ant). Hence the non-covariant part of the transformation
results only from the antisymmetric part of the energy-
momentum tensor. Nonetheless, although neither tab nor
τab is individually covariant, one sees that the full h-
field equation (168a) is covariant, since the non-covariant
terms in (169a) and (169b) cancel by virtue of the A-field
equation (168b). Moreover, the transformations (169a)
and (169b) suggest93 how to construct covariant forms of
tab and τab. From the transformation property (144) of
the vector gauge field Vµ, we see immediately that, under
an extended local dilation, the quantity
τ†ab ≡ τab + 2σcbaVc − 2σaccVb, (170)
does transform covariantly with weight w = 0 (i.e. it
is invariant). It is also worth noting that τ†aa = τ
a
a.
One may construct a covariant t†ab in a similar way. In-
deed, the gravitational field equation (168a) can then be
replaced by
t†ab + τ
†a
b = 0. (171)
Varying ST with respect to ϕ and φ leads to the mat-
ter field equations. These are easily found from those ob-
tained for WGT in Section II H and amount to replacing
D∗a with D†a. An important difference does arise, how-
ever, since T †a ≡ 0. Consequently, in eWGT, one finds
that the matter equations of motion can be written in
the form
δLM
δϕ
=
∂¯LM
∂ϕ
−D†a
(
∂LM
∂(D†aϕ)
)
= 0, (172a)
δLM
δφ
=
∂¯LM
∂φ
−D†a
(
∂LM
∂(D∗aφ)
)
= 0, (172b)
where ∂¯LM/∂ϕ ≡ [∂LM(ϕ,D†au, φ,D†aφ, . . .)/∂ϕ]u=ϕ, so
that ϕ and D†aϕ are treated as independent variables,
and similarly for the φ field equation. This result has
the important consequence that, contrary to the general
case in WGT (and PGT), the matter field equations de-
rived from the minimal-coupling procedure applied to the
action SM are equivalent to those obtained simply by ap-
plying the minimal-coupling procedure to the field equa-
tions directly, independent of the forms of LG and LM.
We should note, however, that the general form (172a) is
only valid if the action (148) has not subsequently been
modified to restore any further required invariances that
were lost in the localisation of the extended Weyl sym-
metry.
I. Conservation laws in eWGT
The conservation laws for eWGT may also be straight-
forwardly obtained. Invariance of SG under (infinitesi-
mal) local Lorentz rotations, GCTs and extended local
dilations, respectively, lead (after a lengthy calculation)
to the following manifestly covariant conservation laws in
the free gravitational sector:
D†c(hsabc) + ht†[ab] = 0, (173)
D†c(ht†cd)−h(sabcR†abcd−t†cbT †bcd+j†cHcd) = 0, (174)
where we have defined the manifestly covariant quantity
j†a ≡ ja − 2sabb. (175)
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Comparing these conservation laws with the equivalent
results in standard WGT, we see that (68a) and (173)
have analogous forms, whereas the forms (68b) and (174)
differ slightly in that the latter does not contain the field
strength tensor H†ab of the vector gauge field (152), but
instead the simpler object Hab = ha
µhb
ν(∂µVν − ∂νVµ),
which is easily verified also to be covariant under ex-
tended local dilations; further, this object is multiplied
by j†a rather than simply by ja. The largest difference
with WGT occurs, however, when we consider invari-
ance of SG under (infinitesimal) local dilations, which
in eWGT leads to the two further manifestly covariant
identities
D†c(hj
†c) = 0, (176)
ht†cc = 0. (177)
Thus, whereas in WGT one obtains the single differential
conservation equation (68c), in eWGT one also obtains
an additional algebraic relation. The relation (177) shows
that the trace of the gravitational sector’s contribution
to the h-field equation (171) vanishes. In practice, the
relation (177) provides a very useful check (albeit only
partial) on the derivation of the gravitational sector’s
contribution to the h-field equation.
Turning to the matter sector, the local Lorentz, GTC
and extended local dilation invariance properties of SM
lead, respectively, to the corresponding manifestly covari-
ant identities:
D†c(hσabc) + hτ†[ab] + 12
δLM
δϕ
Σabϕ = 0, (178a)
D†c(hτ†cd)− h(σabcR†abcd − τ†cbT †bcd + ζ†cHcd) +
δLM
δφ
D†dφ+
δLM
δϕ
D†dϕ = 0, (178b)
D†c(hζ†c) = 0, (178c)
hτ†cc +
δLM
δφ
φ− δLM
δϕ
wϕ = 0, (178d)
where we have defined the quantity
ζ†a ≡ ζa − 2σabb, (179)
which we will consider in more detail below. Thus, as
in PGT and WGT, one is assured with the help of the
matter field equations that the gravitational field equa-
tions become consistent. Moreover, the relation (178d)
shows that the trace of the matter sector’s contribution
to the h-equation is simply related to the φ and ϕ matter
field equations; this provides a useful (partial) check on
the derivation of the matter sector’s contribution to the
h-field equation. It is worth noting that the above sets of
conservation laws hold for any subset of terms in LG and
LM, respectively, that is covariant with weight w = −4
under extended local Weyl transformations.
J. Alternative variational principle in eWGT
The identification of the covariant energy-momentum
tensor (170) and its gravitational sector counterpart t†ab,
and the covariant currents (175) and (179), raises the
question of whether these quantities may be arrived at
more directly from an alternative variational principle.
It transpires that this is indeed the case, and they arise
naturally if one simply makes a change of field variables
from the set ϕ, φ, hµa , A
ab
µ, Vµ and their derivatives,
with which we have worked so far, to the new set ϕ, φ,
hµa , A
†ab
µ, Vµ and their derivatives (i.e. we replace A
ab
µ
by A†abµ in the set). One should note that we are sim-
ply making a change of field variables here, rather than
considering A†abµ to be an independent field variable; in
other words, we still consider A†abµ to be given in terms
of hµa , A
ab
µ, Vµ by its defining relationship (142), rather
than an independent quantity whose relationship to the
other variables would be determined from the variational
principle. It is worth recalling that the quantities A†abµ
(unlike Aabµ) transform covariantly (with weight w = 0,
i.e. invariant) under extended local dilations, and so we
might expect a more straightforward expression of the
covariance of LM and LG when they are written in terms
of A†abµ rather than A
ab
µ.
On making this change of field variables, a signifi-
cant simplification does indeed occur. This is most eas-
ily demonstrated by introducing the derivative operators
(see Appendix E)
D♮aϕ ≡ haµD♮µϕ ≡ haµ(∂µ + 12A†bcµΣbc)ϕ. (180)
One should note that these derivatives do not transform
covariantly under extended local dilations. Nonetheless,
by analogy with (154), one can still define the quantities
T ♮abc ≡ hbµhcν(D♮µbaν −D♮νbaµ), (181)
and the corresponding trace T ♮b ≡ T ♮aba. It is straight-
forward to show that T ♮b = Tb + 3Vb, where Tb is the
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trace of the PGT torsion. Hence the full eWGT covari-
ant derivative can be written as
D†aϕ = (D♮a − 13wT ♮a )ϕ, (182)
which is expressible wholly in terms of the fields h, ∂h
and A† (suppressing indices). Since (182) does not de-
pend explicitly on the dilation gauge field Vµ or its
derivatives, then neither will any Lagrangian constructed
from eWGT covariant derivatives or field strengths, when
working in terms of the new set of field variables. Thus,
the functional dependencies in (167) become
LT = LG(h, ∂h, ∂2h,A†, ∂A†)
+LM(ϕ, ∂ϕ, φ, ∂φ, h, ∂h,A†, ∂A†), (183)
in which there is no explicit dependence on the dilation
gauge field Vµ or its derivatives. Thus, eWGT can be
expressed in terms of just the two combinations h and A†
of the gauge fields. In this respect, eWGT is structurally
more similar to PGT, whilst possessing (a more general
version of) the local scale invariance of WGT.
Working in terms of the new field variables,
LT is at most quadratic in the field strength
tensors R†abcd(h,A†, ∂A†), T †abc(h, ∂h,A†) and
H†ab(h, ∂h, ∂2h,A†, ∂A†), where once again the last
of these depends (linearly) on the second derivative ∂2h
of the translational gauge field, as indicated. Hence, the
term proportional to H†abH†ab in LG (if included) will
again generate terms in the equations of motion that
are typically linear in fourth-order derivatives of h. As
mentioned previously, we discuss this issue in detail in
Section IVB.
As a notational convenience, when working with the
new set of field variables, we denote the variational
derivative of a Lagrangian L with respect to any one
of the fields χ by (δL/δχ)† to distinguish it from the
variational derivative δL/δχ obtained previously using
the original set of field variables. Straightforward (but
lengthy) application of the chain rule for partial deriva-
tives shows that for (say) the matter Lagrangian one ob-
tains(
δLM
δhc
µ
)
†
= τcµ + 2σab
cVabbµ − 2σcbbVµ = τ†cµ,(184a)(
δLM
δA†abµ
)
†
= σab
µ, (184b)(
δLM
δVµ
)
†
= ζµ − 2haµσabb = ζ†µ = 0, (184c)(
δLM
δϕ
)
†
=
δLM
δϕ
, (184d)(
δLM
δφ
)
†
=
δLM
δφ
, (184e)
and directly analogous results hold for the free gravi-
tational Lagrangian. Thus we see that straightforward
variation with respect to the new set of field variables
leads directly to the covariant energy-momentum tensor
(170) and the covariant current (175) (and their counter-
parts in the free gravitational sector) that we identified
earlier; the latter of which always vanishes. We note fur-
ther that the spin-angular momentum tensor σab
µ and
the variational derivatives with respect to ϕ and φ (and
their counterparts from the gravitational sector) are not
altered by working in terms of the new set of field vari-
ables. Indeed, the results (184a)–(184e) (and their coun-
terparts for the free gravitational sector) lead to valuable
short-cuts in calculating the equations of motion in terms
of either the old or new set of variables, since holding
A†abµ constant in the derivatives (rather than just A
ab
µ,
as done previously) vastly reduces the number of terms
to be calculated.
The relation (184c) that defines the covariant dilation
current is worthy of further comment. Since the matter
Lagrangian does not depend explicitly on the dilation
gauge field Vµ or its derivative, then ζ
†µ = 0 and so
ζa = 2σabb, (185)
and similarly for the free gravitational Lagrangian, so
ja = 2sabb. (186)
Thus, when working in terms of the original set of fields,
the contribution of the matter sector to the V -field equa-
tion (168c) is merely twice the relevant contraction of
its contribution to the A-field equation (168b). The re-
sult (186) shows that the same is true for the gravita-
tional sector. Finally, we note that, combining the rela-
tions (177) and (178d) and the relations (185) and (186),
shows that the resulting theory has only three indepen-
dent field equations, namely the h-equation (171), the A-
equation (or, equivalently, the A†-equation) (168b) and
the ϕ-equation (172a). In this respect, eWGT is again
more similar to PGT than standard WGT.
For the remainder of this paper, unless otherwise
stated, we will work in terms of the original set of fields ϕ,
φ, ha
µ, Aabµ, Vµ and their derivatives, but we will use the
relations (184a) and (184c) to simplify our calculations.
Moreover, we will use the relations (177), (178d), (185)
and (186) as a check on our derivations of the two inde-
pendent gravitational field equations (171) and (168b).
K. Dirac matter field in eWGT
To illustrate the coupling of matter to the gravitational
gauge fields in eWGT, we again consider a Dirac field,
and begin with the special-relativistic Lagrangian (70),
which was the starting point for our discussion in Sec-
tion II J. Following our general procedure for construct-
ing a matter action (148) that is invariant under extended
Weyl transformations and applying it to (70), the appro-
priate form for the corresponding Lagrangian density is
LD = h−1LD = h−1(12 iψ¯γa
↔
D†aψ − µφψ¯ψ), (187)
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which is simply the WGT Lagrangian density (71), but
withD∗a → D†a. Similar to WGT, since both ψ and ψ¯ have
Weyl weight w = − 32 , the dilation gauge field Vµ interacts
in the same manner with each of them, thereby ruling out
the interpretation of Vµ as the electromagnetic potential.
Moreover, Vµ similarly vanishes completely from the ac-
tion (187). Thus, as occurred in WGT, (187) is identical
to the covariant Dirac Lagrangian in PGT, given in (72).
In other words, the kinetic term in the Dirac action in
PGT is already also invariant to extended local dilations.
Indeed, this was one of our original motivations for ex-
ploring eWGT.
Varying the action corresponding to (187) with respect
to ψ¯, one obtains a field equation of the form (172a) (with
ϕ replaced by ψ¯), which is immediately found to read
iγaD†aψ − µφψ = 0. (188)
An equivalent adjoint field equation in ψ¯ is obtained by
varying the action with respect to ψ. In particular, we
verify that the field equation (188) derived from mini-
mal coupling at the level of the action is equivalent to
that which would be obtained simply by applying the
minimal-coupling procedure to the field equation directly,
independent of the form of LG. Since the Dirac La-
grangian density (187) may also be expressed as (72),
however, one can rewrite (188) more simply in terms of
PGT quantities as in (74). The covariance of (74) un-
der extended local dilations is easily checked directly by
noting that γa(Da + 12Ta)ψ = γaD†aψ, where we have
used the fact that for a Dirac spinor w = − 32 and
γaΣba =
1
4γ
a[γb, γa] = − 32γb. We also note that (188)
and (74) are valid for any choice of the gravitational La-
grangian density LG, but the expression for Ta in (74)
will depend on the form of LG.
Following the discussion in Section II J, one may
rewrite (74), and hence (188), in terms of the reduced
PGT covariant derivative as (76), which again reveals
that only the total antisymmetric part of the PGT ‘tor-
sion’ explicitly affects the dynamics of the Dirac field
ψ. Nonetheless, unlike in WGT, one must note that the
presence of torsion (even in the case T[abc] = 0) will still
induce physical effects on ψ, since the PGT torsion en-
ters into the definition of R†abcd on which depend the
gravitational field equations that determine the h and B
fields. Alternatively, one can rewrite (188) in manifestly
eWGT-covariant form in terms of the reduced eWGT
covariant derivative, and one quickly finds that (76) is
again satisfied, but with the replacements 0Da → 0D†a
and T[abc] → T †[abc]. Thus, only the total antisymmetric
part of the eWGT ‘torsion’ explicitly affects the dynam-
ics of the ψ field.
From (76), the energy-momentum and spin-angular-
momentum tensors of the massive Dirac field ψ are again
given by the expressions (77) and (78), respectively. The
expression (78) for the spin-angular-momentum tensor
σab
c is already manifestly eWGT covariant. For the
energy-momentum tensor τab, one may show that (77)
can be rewritten as
τab =
1
2 ih
−1ψ¯γa
↔
D†bψ − δabLD − 2σcbaVc, (189)
but, as anticipated from our discussion in Section III H,
this quantity is not covariant with respect to extended lo-
cal dilations. Indeed, one may show that τab transforms
as
τ ′ab = τ
a
b − 2θσcdaPcδdb . (190)
Recalling that σab
b = 0 for Dirac matter, the transfor-
mation (190) agrees with the general result (169b). Fol-
lowing the discussion in Section IIIH, however, we can
construct the eWGT-covariant energy-momentum tensor
τ†ab = τ
a
b + 2σcb
aVc. (191)
Finally, we note that one might also consider adding
further terms to the matter Lagrangian density (72) in
an analogous manner to that discussed in Section II J
for WGT. Hence, we base our massive Dirac field matter
Lagrangian on (79), but appropriately generalised to be
eWGT covariant. Thus, in the most general case, one
might consider
LM = h−1[ 12 iψ¯γa
↔
Daψ − µφψ¯ψ+ 12ν(D†aφ)(D†aφ)− λφ4
−aφ2R† + φ2LT †2 ], (192)
where µ, ν, λ and a are dimensionless constants (usually
positive), and there are two further dimensionless con-
stants β1 and β2 in LT †2 . It is worth noting that µφ has
the dimensions of mass in natural units.
L. Electromagnetic field in eWGT
The dynamics of the electromagnetic field in eWGT
follow by direct analogy from our discussion in Sec-
tion IIK in the context of WGT, with the replacements
F̂∗ab → F̂†ab, T ∗cab → T †cab and D∗a → D†a, and recalling
that T †a ≡ 0. Thus, as in WGT (and PGT), one arrives at
the conclusion that the appropriate Lagrangian density
for the EM field is given by (83), namely
LM = h−1LM = −h−1(14FabFab + J aAa), (193)
which has an overall Weyl weight of zero, as required,
provided w(Ja) = −3. Hence, the electromagnetic La-
grangian in PGT is already covariant under extended lo-
cal dilations, which again was one of our original moti-
vations for exploring eWGT.
Since the Lagrangian (193) is identical to that in PGT,
then the equation of motion for the electromagnetic field
is again given by (86), which may be straightforwardly
recast as
D†aFac − 12T †cabFab = J c. (194)
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which is manifestly eWGT covariant. One should note
that this differs slightly from the corresponding form (84)
in WGT, since T †a ≡ 0. Also, the differential identity
(87) satisfied by the electromagnetic field strength tensor
may also directly be shown to be covariant under local
dilations, since it can be easily rewritten as
D†[aFbc] − T †d[abFc]d = 0. (195)
Since (86) and (87) also hold in eWGT, then so too
do the alternative forms given in (89) in terms of the
reduced covariant derivative in PGT, which show that
the PGT torsion plays no explicit role in the dynamics
of the electromagnetic field. One may also rewrite (89)
in terms of the reduced eWGT covariant derivative, and
one finds that (89) is again satisfied, but with the replace-
ment 0Da → 0D†a. Thus the eWGT torsion similarly has
no direct effect of the EM field dynamics. As mentioned
above for the Dirac field, however, the presence of tor-
sion will still induce physical effects (unlike in WGT),
since the reduced covariant derivative 0D†a depends on
the gauge fields, which are determined by gravitational
field equations; these, in turn, depend on the ‘curvative’
tensor R†abcd or its contractions, which contain the tor-
sion.
The energy-momentum tensor τab of the EM field has
the same form as in PGT and WGT, namely that given
in (90), which is already manifestly eWGT covariant. In-
deed, from (170), one sees immediately that τ†ab = τ
a
b,
since the EM field spin-angular-momentum tensor σab
c
vanishes.
Finally, one may straightforwardly include the inter-
action of the electromagnetic and Dirac fields, both of
which are coupled to gravity, in the same way as in WGT,
as discussed in Section IIK.
M. Einstein gauge and scale-invariant variables
As was the case for WGT, the forms of the field equa-
tions in eWGT can be simplified considerably by using
the scale gauge freedom to impose the Einstein gauge,
in which the scalar field is set to a constant everywhere,
φ = φ0 (provided φ does not vanish). Moreover, as oc-
curred for WGT (see Section II L), we show here that the
resulting field equations are identical in form to those
obtained when working in terms of a new set of scale-
invariant field variables. Thus, this again provides an
alternative interpretation of the Einstein gauge, since
the approach using scale-invariant variables involves no
breaking of the scale symmetry.
It is convenient to work in terms of the alternative
set of field variables ϕ, φ, hµa and A
†ab
µ discussed in
Section III J, in which the total Lagrangian density LT
does not depend explicitly on the dilational gauge field
Vµ or its derivatives. We begin by introducing the new
scale-invariant matter field and gravitational gauge fields
ϕ̂ ≡
(
φ
φ0
)−w
ϕ, ĥ µa ≡
(
φ
φ0
)−1
ha
µ, Â†abµ ≡ A†abµ,
(196)
where w is the Weyl weight of the original matter field ϕ.
It is also convenient to define the further scale-invariant
variables Â†abc ≡ ĥ µa Â†abµ.
As shown in Section III J, the eWGT covariant deriva-
tive of some general field χ with Weyl weight w can be
written in the form D†aχ = (D♮a − 13wT ♮a )χ, where D♮a
and T ♮a are defined in (180) and (181), respectively. In
an analogous manner, we may define the quantities D̂♮a
and T̂ ♮a , for which each occurrence of haµ and A†abµ in
(E2) and (181) is replaced by its scale-invariant coun-
terpart ĥ µa and Â
†ab
µ, respectively. Thus, D̂♮a = ĥ µa D♮µ
and a short calculation shows that T̂ ♮a transforms covari-
antly with Weyl weight w = 0 under local dilations, i.e.
it is scale-invariant. One then immediately finds that
the eWGT covariant derivative of the scalar field φ may
be written as D†aφ = 13 (φ2/φ0)T̂ ♮a , whereas the covariant
derivative of some general field χ with Weyl weight w
may be written
D†aχ =
(
φ
φ0
)1−w
D̂†aχ̂, (197)
where χ̂ = (φ/φ0)
−wχ and we have defined the deriva-
tive operator D̂†a = D̂♮a− 13wT̂ ♮a , which preserves the Weyl
weight of the quantity on which it acts. From (197),
one sees that, aside from the overall multiplicative fac-
tor (φ/φ0)
1−w, the scale-invariant quantity D̂†aχ̂ has the
same functional dependency on χ̂, ĥ µa , and Â
†ab
µ, respec-
tively, as D†aχ does on χ, haµ and A†abµ. Similarly, one
also quickly finds that the eWGT gauge field strengths
defined in (41) may be written asR†abcd = (φ/φ0)2R̂†abcd,
T †abc = (φ/φ0)T̂ †abc andH†ab = (φ/φ0)2Ĥ†ab, where each
quantity with a caret is scale-invariant and has the same
functional dependence on ĥ µa and Â
†ab
µ as the corre-
sponding original quantity does on ha
µ and A†abµ, re-
spectively.
Thus, noting that h−1 = (φ/φ0)
−4ĥ−1, one is led to
the important conclusion, analogous to that discussed in
Section II L for WGT, that the Lagrangian density LT in
(183) may be written as (suppressing indices for brevity)
LT = LG(ĥ, ∂ĥ, ∂2ĥ, Â†, ∂Â†)
+LM(ϕ̂, ∂ϕ̂, φ0, 0, , ĥ, ∂ĥ, Â†, ∂Â†). (198)
Specifically, when written in terms of the scale-invariant
field variables, the Lagrangian density LT (indeed each
term separately) has the same functional form as it does
in terms of the original variables with φ = φ0. Thus,
if χ represents ϕ, ha
µ, or A†abµ, one may immediately
conclude that (each term in) the equation of motion
δLT/δχ̂ = 0 has the same functional form as (the cor-
responding term in) δLT/δχ|φ=φ0 = 0, but with ϕ, haµ
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and A†abµ replaced by their scale-invariant counterparts
(196).
As mentioned in Section III J, the equations of motion
for the ϕ, h and A (or A†) fields are the only three in-
dependent field equations of eWGT. One can also obtain
equation of motion for the V and φ fields, but the re-
lations (177), (178d), (185) and (186) show that these
correspond merely to contractions of the A-equation and
h-equation, respectively. Thus, somewhat more straight-
forwardly than in WGT, one may immediately conclude
that the equivalence discussed above also holds for the V
and φ equations of motion.
It is worth mentioning that one may arrive at similar
conclusions to those reached above, if one instead begins
by working in terms of the ‘standard’ set of field vari-
ables ϕ, φ, hµa , A
ab
µ and Vµ, rather than the alternative
set introduced in Section III J. In this case, in place of
(196), one introduces the scale-invariant matter field and
gravitational gauge fields
ϕ̂ ≡
(
φ
φ0
)−w
ϕ, (199a)
ĥ µa ≡
(
φ
φ0
)−1
ha
µ, (199b)
Â†abµ ≡ Aabµ + (Vabbµ − Vbbaµ), (199c)
V̂µ ≡ Vµ + 13Tµ + ∂µ ln
(
φ
φ0
)
, (199d)
where it is clear from the last definition that V̂µ =
1
3 T̂
♮
µ.
It is also convenient to define the further scale-invariant
variables Â†abc ≡ ĥ µa Â†abµ and V̂a ≡ ĥ µa V̂µ. The situa-
tion is, however, slightly different to that outlined above.
Specifically, the equations of motion in terms of ϕ, hµa ,
Aabµ and Vµ arrived at by adopting the Einstein gauge,
must first be rewritten in terms of ϕ, hµa and the combina-
tions A†abµ and Vµ+
1
3Tµ (which will always be possible).
Only then will they be identical in form to the full field
equations written in terms of the scale-invariant variables
ϕ̂, ĥ µa , Â
†ab
µ and V̂µ, respectively.
N. Motion of test particles in eWGT
To determine the equation of motion of a massive test
particle in eWGT, we follow the procedure outlined in
Section IIM for WGT, but modify it to accommodate
extended local scale-invariance. Thus, we again adopt
the fully classical point particle action (96), in which the
Weyl weights of the dynamical variables, namely the par-
ticle 4-momentum pa(λ), 4-velocity va(λ) and the einbein
e(λ) along the worldline parameterised by λ, are the same
as in WGT, so that the action is scale-invariant.
Varying the action (96) with respect to the three dy-
namical variables, respectively, one again obtains the
equations of motion (97)–(99). In this case, however,
it is straightforward to show that (98) can be written
in a manifestly eWGT-covariant manner as vc(D†cpa −
T †cabpb) = eµ2φD†aφ. By analogy with our treatment in
WGT, one may rewrite this equation in terms of the re-
duced eWGT covariant derivative, defined in (159), as
vc 0D†cpa = eµ2φ 0D†aφ, which is again manifestly eWGT-
covariant. As in WGT, this takes its simplest form when
one chooses e = 1/(µφ), in which case v2 = 1 and λ cor-
responds to the proper time τ along the worldline; in this
case the equation of motion becomes
φ vb 0D†bva = (δba − vavb)0D†bφ. (200)
Once again, for ease of calculation, this may be rewrit-
ten in terms of the reduced PGT-covariant derivative to
yield (103), which is also eWGT covariant, but not man-
ifestly so. Precisely as in WGT, if one uses local scale
invariance to impose the Einstein gauge φ = φ0 (a con-
stant), then (103) reduces to same result as that given in
(104) for WGT, which again describes the gauge theory
equivalent of geodesic motion. Unlike in WGT, however,
the presence of PGT torsion may still induce physical
effects, since the h and B fields are determined by grav-
itational field equations that depend on the curvature
tensor R†abcd, into which the PGT torsion enters.
As in WGT, by setting µ = 0 in the action (96) and
choosing the einbein e = 1, such that v2 = 0, one finds
that the equation of motion in the massless case (for ex-
ample, a massless neutrino) is also given by (104), even
without imposing the Einstein gauge. One may also ar-
rive at a similar conclusion for the motion of photons by
directly considering the dynamics of the electromagnetic
field. As discussed in Section III L, the EM field tensor in
eWGT again satisfies the field equation and Bianchi iden-
tity given in (89), which have precisely the same form as
those obtained in the absence of torsion. Consequently,
one may immediately infer that the equation of motion
for photons is also given by (104), so that they too follow
the gauge theory equivalent of geodesic motion.
Finally, as in WGT, the imposition of the Einstein
gauge is not necessary to arrive at the geodesic equa-
tion of motion (104). One may again introduce the set
of scale-invariant variables (105) and rewrite the action
(96) in the form (106). Thus, one arrives once more at
the geodesic equation of motion (107), which is written
entirely in terms of scale-invariant variables.
O. Reduced eWGT
In Section III E, we introduced the ‘reduced’ eWGT
covariant derivative operator 0D†µ in (159), to which the
‘full’ eWGT covariant derivative (143) reduces in the
case that the eWGT torsion T †abc vanishes (which is a
properly eWGT-covariant condition). In the context of
eWGT, the term ‘reduced’ refers to versions of quanti-
ties in which, by construction, the expression (158) holds
with T †abc ≡ 0 (and hence K†abc ≡ 0). In contrast to
WGT, however, such quantities still depend on the rota-
tional gauge field A, and hence cannot be written entirely
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in terms of the other gauge fields. Such quantities are
again denoted by a zero superscript preceding the kernel
letter, but are perhaps less deserving of the description
‘reduced’ than their counterparts in WGT (or PGT; see
Appendix B).
Nonetheless, as was the case in WGT, one can use
the covariant derivative 0D†µ to build an alternative class
of scale-invariant gravitational gauge theories, which we
term ‘reduced eWGT’. They correspond mathematically
to imposing the condition of vanishing eWGT torsion
directly at the level of the action, but differ from reduced
WGT in that they still depend on all the gravitational
gauge fields, in particular the A gauge field.
In the usual manner, one begins by defining the ‘re-
duced’ gauge field strengths by considering their com-
mutator, which gives
[0D†µ,
0D†ν ]ϕ =
1
2
0R†abµνΣabϕ+ wH
†
µνϕ, (201)
where we have defined the ‘reduced’ field strength tensor
0R†abµν(h, ∂h, ∂
2h,A, ∂A, V, ∂V ), which is again given by
the formula (39), but with Aabµ replaced by
0A†abµ.
Unlike in WGT, however, 0R†abµν depends on all the
gauge fields and their derivatives, most particularly the
A gauge field; indeed its functional dependencies are
more complicated than the ‘full’ field strength tensor
R†abµν(h,A, ∂A, V, ∂V ). Considering instead the com-
mutator of ‘reduced’ generalised covariant derivatives,
one obtains
[0D†c , 0D†d]ϕ = 12 0R†abcdΣabϕ+ wH†cdϕ, (202)
where 0R†abcd = hcµhdµ 0R†abµν , and the commuta-
tor (202) has no term containing a ‘translational’ field
strength of the h gauge field (or ‘torsion’), since 0T †abc ≡
hb
µhc
ν(0D†µb
a
ν − 0D†νbaµ) = 0. As one might expect, the
Bianchi identities satisfied by the reduced field strength
tensors are identical to those given in Section III F, but
with the replacements D†a → 0D†a, Rabcd → 0R†abcd and
T †abc → 0T †abc = 0.
Since the ‘full’ generalised covariant derivative is given
in terms of the ‘reduced’ one by (160), it follows that
the field strength tensor R†abcd appearing in (153), and
its contractions, may be written in the forms (110a)–
(110c), but with the replacements on the RHS 0Rabcd →
0R†abcd, 0Da → 0D†a, Kabc → K†abc and Tabc → T †abc, and
recalling that T †a ≡ 0.
For reduced eWGT, the free gravitational Lagrangian
density LG = h−1LG, where by analogy with (166),
LG = L0R†2 + LH†2 , (203)
which is based on (4) with Rabcd → 0R†abcd and Hab →
0R†ab. As was the case for WGT, one can simplify (203)
still further (in D ≤ 4 dimensions), since 0R†abcd and its
contractions also satisfy a Gauss–Bonnet identity of the
form (59), but withRabcd → 0R†abcd. Thus, one can set to
zero any one of the parameters αi in (203) with no loss of
generality (at least classically). Unlike in WGT, however,
the Lagrangian (203) still depends on all the gauge fields
and their derivatives, in particular the A-field. A typical
form for the matter Lagrangian density LM is that given
in (192), but with appropriate modifications94, namely
LM = h−1[ 12 iψ¯γa
↔
0Daψ−µφψ¯ψ+ 12ν(0D
†
aφ)(
0D†aφ)− λφ4
−aφ2 0R†].(204)
The total Lagrangian density thus has the following
functional dependencies in the most general case,
LT = LG(h, ∂h, ∂2h,A, ∂A, V, ∂V )
+LM(ϕ, ∂ϕ, φ, ∂φ, h, ∂h, ∂2h,A, ∂A, V, ∂V ).(205)
In terms of the alternative set of variables discussed in
Section III J, one may equally write
LT = LG(h, ∂h, ∂2h,A†, ∂A†)
+LM(ϕ, ∂ϕ, φ, ∂φ, h, ∂h, ∂2h,A†, ∂A†), (206)
which does not depend explicitly on the V gauge field
or its derivatives. In each case, the resulting field equa-
tions for the gravitational gauge fields (including the A-
field equation, which was absent in reduced WGT) will
clearly have the same generic structure as those given
in Sections III H and III J, respectively, although once
again the specific forms for each term are not, in gen-
eral, obtained from the corresponding ‘full’ eWGT ex-
pressions simply by replacing the ‘full’ covariant deriva-
tive and field strength tensors with their ‘reduced’ coun-
terparts. For the matter field equations, however, the
forms (67a)–(67b) are still valid, but with the replace-
ment D†a → 0D†a. As in WGT, however, the gravitational
and matter Lagrangians are both, in general, quadratic
in second derivatives of the h-field (indeed, every term in
LG and the term proportional to φ2 0R† in LM depends
on ∂2h, whereas in ‘full’ eWGT, only LH†2 has this de-
pendency). Thus, the resulting field equations will typi-
cally be linear in fourth-order derivatives of h, and such
theories typically suffer from Ostrogradsky’s instability,
although this needs to be investigated on a case-by-case
basis.
The conservation laws in reduced eWGT will have the
same form as those given in Section III I, but with the
replacements D†a → 0D†a, R†abcd → 0R†abcd and T †abc →
0T †abc ≡ 0. Furthermore, by performing analogous calcu-
lations to those presented in Sections IIIM and IIIN, re-
spectively, one may show that our conclusions in eWGT
regarding the interpretation of the Einstein gauge and
the motion of test particles also apply in reduced eWGT.
As was discussed for WGT in Section III O, it is im-
portant to distinguish reduced eWGT, in which the con-
dition of vanishing eWGT torsion is imposed directly at
the level of the action, from instead setting the (prop-
erly eWGT-covariant) condition T †abc = 0 in the field
equations of eWGT. In the latter case, aside from terms
generated by the term proportional to H†abH†ab in LG
(if included), the basic field equations remain linear in
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second-order derivatives of the gauge fields. Although
one can substitute for the rotational gauge field to obtain
terms that contain higher-order derviatives, such theories
do not suffer from Ostrogradsky’s instability if the term
proportional to H†abH†ab is excluded from LG.
P. Geometric interpretation of eWGT
We have developed eWGT as a gauge theory of gravity
in Minkowski spacetime, but one can reinterpret eWGT
in geometric terms, along similar lines to WGT, as we
presented in Section IIO. The central tenet of the geo-
metrical interpretation remains the identification of ha
µ
as the components of a vierbein system in a more general
spacetime (see equation 114). As in WGT, this identi-
fication leads to the results (115) and (116) relating the
spacetime metric gµν , Lorentz metric ηab and the inverse
h-field baµ, and consequently the result h
−1 =
√−g also
remains valid. Under a (local, physical) extended dila-
tion, the spacetime metric and h-field have Weyl weights
w(gµν) = 2 and w(ha
µ) = −1 respectively, as in WGT,
and so (115) and (116) again imply that w(ηab) = 0,
as expected. As in WGT, one immediately finds that
the h-field and its inverse are directly related by index
raising/lowering, so there no need to distinguish betweem
them by using different kernel letters. We therefore again
notate ha
µ and bbν by ea
µ and ebν , respectively.
In eWGT, unlike WGT, it is the combination A†abµ in
(142) of the three gauge fields ea
µ, Aabµ, and Vµ that
is naturally interpreted as the components of the spin-
connection that encodes the rotation of the local tetrad
frame between points x and x+ δx. As in WGT, this is
accompanied by a local change in the standard of length
between the two points, but in contrast to WGT this is
encoded not only by the dilation gauge field Vµ, but also
by the trace of the PGT torsion Tµ, which depends on
ha
µ and Aabµ. Thus, both the rotation of the local tetrad
frame and the local change in the standard of length be-
tween two points are encoded by all three gauge fields.
The operation of parallel transport for some vector Ja of
weight w is therefore defined as
δJa = −[A†abµ − w(Vµ + 13Tµ)δab ]Jb δxµ. (207)
As in WGT, in general, a vector not only changes its di-
rection on parallel transport around a closed loop, but
also its length. The expression (207) establishes the cor-
rect form for the related (Λ, ρ)-covariant derivative, e.g.
D†µJ
a = ∂µJ
a − w(Vµ + 13Tµ)Ja +A†abµJb
= ∂†µJ
a +A†abµJ
b, (208)
where we have used the partial derivative operator ∂†µ
defined in (146). As in WGT, one can easily deduce that
A†abµ = −A†baµ, as previously.
Owing to the necessity of using arbitrary coordinates
in the more general spacetime, one must generalise the
(Λ, ρ)-covariant derivative to apply to fields with definite
GCT tensor behaviour. Following the approach used in
WGT, one defines the ‘total’ covariant derivative
∆†µ ≡ ∂†µ+ΓσρµXρσ+ 12AabµΣab = ∇†µ+D†µ−∂†µ, (209)
where ∇†µ = ∂†µ+ΓσρµXρσ and Xρσ are the GL(4, R) gen-
erator matrices appropriate to the GCT tensor character
of the field to which ∆†µ is applied. If a field ψ carries
only Latin indices, then ∇†µψ = ∂†µψ and so ∆†µψ = D†µψ;
conversely, if a field ψ carries only Greek indices, then
D†µψ = ∂
†
µψ and so ∆
†
µψ = ∇†µψ. When acting on an ob-
ject of weight w, for all these derivative operators the re-
sulting object also transforms covariantly with the same
weight w.
The affine connection coefficients Γσρµ again become
dynamical variables, but are necessarily related to the
spin-connection and dilation current, since (120) should
still hold provided Ja has weight w = 1. This result then
yields the relation
∆†µe
a
ν ≡ ∂†µeaν − Γσνµeaσ +A†abµebν = 0, (210)
which relates A and Γ (and V and T ). Comparing this
result with the equivalent relation (121) in WGT, we see
that (210) is obtained simply by making the replacements
∂∗µ → ∂†µ and Aabµ → A†abµ. Consequently, the results
(122) and (123) explicitly relating A and Γ are simply
replaced by expressions of the same form but with the
above substitutions. As in WGT, this replacement strat-
egy enables one straightforwardly to derive the further
relationships in the geometric interpretation of eWGT
that correspond to the results (124)–(132) in WGT.
In particular, using (115) and (210), one finds that
∇†σgµν = 0, and so this derivative operator commutes
with raising and lowering of coordinate indices. Equiva-
lently, one may write this as the semi-metricity condition
∇σgµν = 2(Vσ + 13Tσ)gµν . (211)
Comparing this result with the corresponding semi-
metricity condition (124) in WGT, we see that it has a
similar form95. In addition to depending on the dilation
gauge field Vµ, however, the eWGT version also depends
on the trace of the PGT torsion, which is itself a function
of ea
µ and Aabµ. Therefore, the spacetime may be con-
sidered as having some extended form of Weyl–Cartan
geometry. To our knowledge, spacetimes with the partic-
ular semi-metricity condition (211) have not been studied
previously; in what follows we refer to them as Ŷ4 space-
times. Moreover, one finds that
R†ρσµν = 2(∂[µΓ
ρ
|σ|ν] + Γ
ρ
λ[µΓ
λ
|σ|ν]) +H
†
µνδ
ρ
σ, (212)
T †λµν = 2Γ
λ
[νµ], (213)
H†µν = ∂µ(Vν +
1
3Tν)− ∂ν(Vµ + 13Tµ). (214)
where R†ρσµν = ea
ρebσR
†a
bµν and T
†λ
µν = ea
λT †aµν .
We thus recognise (213) as (minus) the torsion tensor of
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the Ŷ4 spacetime. One further finds that the trace of the
torsion vanishes, T †λµλ = 0, so that the affine connection
has the additional symmetry property
Γλµλ = Γ
λ
λµ. (215)
From (212), we see that R†ρσµν is not simply its Riemann
tensor. Rather, the Riemann tensor of the Ŷ4 spacetime
is given by
R̂ρσµν ≡ R†ρσµν −H†µνδρσ. (216)
One should note that, although R̂ρσµν is antisymmet-
ric in (µ, ν), it is not antisymmetric in (ρ, σ), since
R̂(ρσ)µν = −gρσH†µν . Indeed, it does not satisfy the
usual cyclic and Bianchi identities of the Riemann ten-
sor in a Riemannian V4 spacetime. One may also show
that, with the given arrangements of indices, both R̂ρσµν
(or R†ρσµν) and T
†λ
µν transform covariantly with weight
w = 0 under a local dilation. It is also worth noting that
R̂µν ≡ R̂ λµλν = R†µν + H†µν and R̂ ≡ R̂µµ = R†. In a
similar manner to WGT, the quantities (212)–(216) arise
naturally in the expression for the commutator of two
derivative operators acting on a vector Jρ (say) of Weyl
weight w, which is given by
[∇†µ,∇†ν ]Jρ = R̂ρσµνJσ−wH†µνJρ−T †σµν∇†σV ρ. (217)
One also finds that the affine connection must satisfy
Γλµν =
0Γ†λµν +K
†λ
µν , (218)
where the first term on the RHS reads
0Γ†λµν =
1
2g
λρ(∂†µgνρ + ∂
†
νgµρ − ∂†ρgµν)
= 0Γλµν − δλν (Vµ + 13Tµ)− δλµ(Vν + 13Tν)
+gµν(V
λ + 13T
λ), (219)
in which 0Γλµν is the standard metric (Christoffel) con-
nection and K†λµν is the Ŷ4 contortion tensor
K†λµν = − 12 (T †λµν − T †ν
λ
µ + T
†
µν
λ
). (220)
In direct comparison with our treatment of WGT, the
result (218) is the analogue of the expression (158) in the
gauge theory viewpoint. We may consider the geomet-
ric interpretation of the quantities 0A†abµ, introduced in
(158), but note that they depend on all the gauge fields;
this contrasts with PGT and WGT, for which the corre-
sponding quantities do not depend on the A-field. Fol-
lowing an analogous argument to that given above, but
considering instead the reduced covariant derivative 0D†µ,
as defined in (159), one finds that 0A†abµ and the con-
nection 0Γ†σρµ represent the same geometrical object in
two different frames, and one obtains a ‘reduced’ form of
the tetrad postulate (210) given by
0∆†µe
a
ν ≡ ∂†µeaν − 0Γ†σνµeaσ + 0A†abµebν = 0. (221)
It thus follows that the relationships (122) and (123)
again hold with the replacements ∂∗µ → ∂†µ, Γσνµ →
0Γ†σνµ and A
a
bµ → 0A†abµ, from which one can di-
rectly derive (219). One also obtains the metricity con-
dition 0∇†σgµν = 0. Finally, the expression (212) for
the curvature also holds, but with R†ρσµν → 0R†ρσµν
and Γσνµ → 0Γ†σνµ, whereas (213) becomes simply
0T †λµν = 0, indicating the absence of torsion, as ex-
pected. The expression (217) is also valid, but with
∇†µ → 0∇†µ, Rρσµν → 0R†ρσµν and T †σµν → 0T †σµν = 0.
IV. QUADRATIC EXTENDED WEYL GAUGE THEORY
OF GRAVITY
The new scale-invariant gauge theory of gravity that
we now consider in detail has a total Lagrangian LT =
LG+LM corresponding to the general eWGT form (167).
In the free gravitational sector, it is defined by the
most general parity-invariant96 eWGT Lagrangian (166)
that is at most quadratic in the eWGT field strengths,
namely LG = LR†2 + LH†2 , where
LR†2 = α1R†2 + α2R†abR†ab + α3R†abR†ba + α4R†abcdR†abcd + α5R†abcdR†acbd + α6R†abcdR†cdab, (222)
LH†2 =
1
2ξH†abH†ab, (223)
in which αi and ξ are dimensionless parameters and the
factor of 12 has been introduced for later convenience. As
discussed in Section IIIG, the eWGT field strengthR†abcd
satisfies a form of the Gauss–Bonnet identity such that,
with no loss of generality (up to a classically unimportant
boundary term in D ≤ 4 dimensions), one is free to set
one of α1, α3 or α6 equal to zero. In what follows, we will
retain all these terms, but this freedom should be borne
in mind during our analysis97.
In the matter sector, we base our Lagrangian on (192),
which builds on Dirac’s original suggestion for accom-
modating ‘ordinary’ matter in scale-invariant theories
of gravity. In particular, we adopt the form LM =
38
Lϕ + Lφ + φ
2LR† + φ
2LT †2 , where
Lϕ = Lϕ(ϕ, ∂ϕ, h, ∂h,A, V, φ), (224)
Lφ =
1
2νD†aφD†aφ− λφ4, (225)
LR† = − 12aR†, (226)
LT †2 = β1T †abcT †abc + β2T †abcT †bac, (227)
in which ν, λ, a and βi are again dimensionless parame-
ters (with ν, λ and a usually positive) and some factors
of 12 have been introduced for later convenience
98. For
the moment we allow the form of Lϕ for the matter field
ϕ to remain general and possibly include a dependence
on the scalar field φ.
In this section, we limit ourselves to deriving the field
equations for the above theory and commenting briefly
on their general structure. The phenomenological con-
tent of these field equations, including their application
and solution in various astrophysical and cosmological
situations, will be discussed in forthcoming papers.
A. Field equations
Recalling the discussion of Section IIIH, the theory
has only three independent field equations, namely the
h-equation (171), the A-equation (168b) and the ϕ-
equation (172a). We calculate the explicit forms of the
first two of these equations (recall we are leaving Lϕ gen-
eral for the moment), without setting to zero any of the
dimensionless parameters in (222)–(227). This entails a
very long, but nevertheless straightforward, calculation,
the results of which are given below. In addition, al-
though they are not independent equations of motion,
we will also calculate the V -field equation (168c) and
the φ-field equation (172b) to check that they are in-
deed related simply to the contracted A-equation and the
contracted h-equation, respectively, through the results
(177), (178d), (185) and (186). This provides a useful,
albeit partial, check on our calculations.
1. The h-field equation
The h-field equation (171) takes the form
(t†R2)
a
b
+(t†H2)
a
b
+(τ†ϕ)
a
b
+(τ†φ)
a
b
+(τ†R)
a
b+(τ
†
T 2)
a
b
= 0,
(228)
where, in the free gravitational sector, one finds
h(t†R2)
a
b
= α1R†(4R†ab − δabR†)
+α2[2(R†caR†cb−R†cdR†acdb)− δabR†cdR†cd]
+α3[2(R†acR†cb−R†dcR†acdb)− δabR†cdR†dc]
+α4[4R†cdeaR†cdeb− δabR†cdefR†cdef ]
+α5[2(R†acde−R†ecda)R†cdeb− δabR†cedfR†cdef ]
+α6[4R†eacdR†cdeb − δabR†efcdR†cdef ], (229)
h(t†H2)
a
b
= 12ξ[4H†bcH†ac − δabH†cdH†cd + 43D†b(D†cH†ca − 12T †acdH†cd)], (230)
and in the matter sector, in addition to (τ†ϕ)
a
b
= hb
µ(δLϕ/δha
µ)†, one has
h(τ†φ)
a
b
= 12ν[
4
3D†aφD†bφ− 13δabD†cφD†cφ+ 23φ(δabD†cD†cφ−D†bD†aφ)] + λδabφ4 (231)
h(τ†R)
a
b = −aφ2(R†ab − 12δabR†), (232)
h(τ†T 2)
a
b
= β1[φ
2(4T †cdaT †cdb − 2T †adeT †bde − δab T †cdeT †cde) + 4D†c(φ2T †b
ca
)]
+β2[φ
2(2T †dcaT †cdb + 2T †adcT †cdb − 2T †acdT †cbd − δab T †dceT †cde) + 4D†c(φ2T †[c a]b )]. (233)
In particular, we note that (t†H2)
a
b
in (230) is linear
in fourth-order derivatives of the h-field. As discussed
in Section III H, this occurs because the dilation field
strength H†ab is itself linear in the second-order deriva-
tives of the h-field. Moreover, since H†ab contains first-
order derivatives of the h, A and V gauge fields, (t†H2)
a
b
also depends on third-order derivatives of these fields. We
will shortly discuss this issue in detail in Section IVB.
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2. The A-field equation
The A-field equation (168b) has the form
(sR2)ab
c+(sH2)ab
c
+(σϕ)ab
c
+(σφ)ab
c
+(σR)ab
c
+(σT 2)ab
c
= 0,(234)
where, in the free gravitational sector,
h(sR2)ab
c = 4α1(δ
c
[aD†b] + 12T †cab)R†
+4α2(δ
c
[dD†e] + 12T †cde)R† d[a δeb]
+4α3(δ
c
[dD†e] + 12T †cde)R†d[aδeb]
+4α4(δ
c
[dD†e] + 12T †cde)R†ab
de
+4α5(δ
c
[dD†e] + 12T †cde)R
†[d e]
[ab]
+4α6(δ
c
[dD†e] + 12T †cde)R†deab, (235)
h(sH2)ab
c
= 23ξηf [bδ
c
a](D†eH†ef − 12T †f deH†de),(236)
and in the matter sector, in addition to (σ†ϕ)ab
c
=
bcµ δLϕ/δA
ab
µ, one has
h(σφ)ab
c
= − 13νφ δc[aD†b]φ, (237)
h(σR)ab
c
= −a(δc[aD†b] + 12T †cab)φ2, (238)
h(σT 2)ab
c
=−4β1φ2T †[ab]c+2β2φ2(T †cab+ T †[ab]c).(239)
We note that (sH2)ab
c in (236) is linear in third-order
derivatives of the h-field but, as mentioned above we, we
will shortly discuss this issue in detail in Section IVB. It
is also worth noting in (239) that the translational field
strength satisfies the identity T †cab + 2T †[ab]c − 3T †[cab] = 0.
As one might expect, the contributions to the A-field
equation (234) arising from the Riemann-squared terms
in the action (namely those in (235) proportional to α4,
α5 and α6, respectively) have a form similar to the LHS
of the equation of motion (194) for the electromagnetic
field. Indeed, recalling that R†abcd is antisymmetric in a
and b, the term proportional to α4 in (236) is completely
analogous to the LHS of (194). Moreover, the term pro-
portional to α6 in (235) can be brought into the same
form by working in terms of the adjoint Riemann tensor
R†abcd ≡ R†cdab. Since R
† a
b = R†b
a
, one also sees that
terms in (235) proportional to α2 and α3, respectively,
may be written in a symmetrical fashion in terms of the
Ricci tensor and its adjoint; this is also true for the term
proportional to α1, since R† = R†. The term propor-
tional to α5, however, cannot be written in a simpler or
more symmetric form using adjoints. Nonetheless, this is
to be expected, since only the term proportional to α5 in
the Lagrangian (222) cannot be written as the product
of the Riemann, or one of its contractions, and the corre-
sponding adjoint quantity. Finally, we note also that the
Bianchi identity (161a) satisfied by the Riemman tensor
(and its adjoint) is analogous to the identity (195) satis-
fied by the EM field strength tensor.
Similar comments to the above apply to the contri-
bution (236) to the A-field equation, which contains a
factor identical in form to the LHS of EM field equation
(194), but in terms of the dilation field strength tensor
H†ab. Moreover, H†ab satisfies the Bianchi identity (161c),
which is again directly analogous to the identity (195)
satisfied by the EM field strength tensor. The above ob-
servations taken together suggest that one might search
for solutions of the A-field equation (234) using tech-
niques derived from electromagnetism. This is indeed
the case and will be discussed in a forthcoming paper.
3. The V -field equation
The V -field equation (168c) has the form
(jR2)a+(jH2)a+(ζϕ)a+(ζφ)a+(ζR)a+(ζT 2)a = 0, (240)
where, in the free gravitational sector,
h(jR2)a = −12α1D†aR†
−4α2[D†b(R† ba + 12δbaR†)− 12T †bacR†cb ]
−4α3[D†b(R†ba + 12δbaR†)− 12T †bacR†cb]
−8α4[D†bR† ba − 12T †bcdR†abcd]
−2α5[D†b(R† ba +R†ba)−T †bcd(R†cbad+R†cabd)]
−8α6[D†bR†ba − 12T †bcdR†cdab], (241)
h(jH2)a = −2ξ[D†bH†ba − 12T †acdH†cd], (242)
and in the matter sector, in addition to (ζϕ)a =
baµ δLϕ/δVµ,
h(ζφ)a = νφD†aφ, (243)
h(ζR)a = 3aD†aφ2, (244)
h(ζT 2)a = 0. (245)
By comparing the expressions (241)–(245) with those
given in (235)–(239), we see that, as anticipated, the
V -equation (240) is indeed identical to (twice) the A-
equation (234) contracted on the indices b and c, in ac-
cordance with the general results (185) and (186), and
so j†a and ζ
†
a vanish identically for each part of the La-
grangian.
4. The φ-field equation
Finally, the φ-field equation (172b) has the form
∂φLR2 + ∂φLH2 + ∂φLϕ + δφLφ + ∂φLR + ∂φLT 2 = 0,
(246)
where ∂φ ≡ ∂/∂φ and δφ ≡ δ/δφ, since only Lφ depends
on the derivatives of φ. In the free gravitational sector,
∂φLR2 = 0, (247)
∂φLH2 = 0, (248)
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and, in the matter sector,
δφLφ = −νD†a(D†aφ) − 4λφ3. (249)
∂φLR = −aφ2R†, (250)
∂φLT 2 = 2β1φT †abcT †abc + 2β2φT †abcT †bac. (251)
By comparing the expressions (247)–(251) with those
given in (229)–(233), we see that, as anticipated, the φ-
equation (246) is indeed identical to the h-equation (228)
contracted on the indices a and b and divided through
by −φ, in accordance with the general results (177) and
(178d), assuming the ϕ-equation δϕLϕ = 0 is satisfied.
Since the number of terms in the φ-equation is quite
small, it is worth writing it out as a single equation, which
reads
νD†a(D†aφ) + 4λφ3 − ∂φLϕ
+φ(aR† − 2β1T †abcT †abc − 2β2T †abcT †bac) = 0. (252)
B. Higher derivative terms in the field equations
As we have mentioned several times, and demonstrated
above, if one includes in the free gravitational Lagrangian
the term proportional to H†abH†ab, namely (223), the cor-
responding terms it generates in the h-field equation are
linear in fourth-order derivatives of the h-field, and also
contain third-order derivatives of all three gauge fields h,
A and V . Moreover, the terms generated in the A-field
equation are linear in third-order derivatives of the h-
field (we need not consider the field equations for φ and
V , since they are related simply to contractions of the h
and A field equations, respectively).
At first sight, this would seem to indicate that theories
containing the H†abH†ab term in the Lagrangian suffer
from Ostrogradsky’s instability. This conclusion is not
clear cut, however, since in applying such theories to par-
ticular physical systems, which we will discuss in forth-
coming papers, we have found in every case that the field
equations organise themselves into combinations of cou-
pled second-order equations in the gauge fields. Specif-
ically, one finds the terms containing third- or fourth-
order derivatives correspond to the derivative of already
known expressions, and so contain no new information.
Moreover, on linearising the set of field equations dis-
played above, which we will also discuss in a forthcoming
publication, we find that the same behaviour occurs gen-
erally, independent of any application of the theory to
a particular physical system. Since the leading order of
the field equations is preserved by linearisation, this sug-
gests that the full non-linear set of field equations derived
above should also enjoy this general property and hence
not suffer from Ostrogradsky’s instability, although we
do not yet have a direct proof in this case. Consequently,
we have chosen to retain the terms resulting from the in-
clusion of the H†abH†ab in the field equations given above,
so that they are readily available if required.
The obvious alternative approach to ensuring that Os-
trogradsky’s instability does not occur is simply to omit
the term proportional to H†abH†ab from the free gravita-
tional Lagrangian (by setting ξ = 0). Indeed, one can
argue that the inclusion of the H†abH†ab term as the ki-
netic term for the V gauge field is not well motivated.
As discussed in Section III J, eWGTs of the general form
considered here can be written entirely in terms of the
two combinations h and A† of the gauge fields, such that
there is no explicit dependence on the dilation gauge field
V or its derivatives. Moreover, the natural field strength
tensors for the h and A† fields are T †abc and R†abcd, re-
spectively, and the total Lagrangian already contains all
possible (parity-invariant) terms quadratic in these field
strengths without including the H†abH†ab term. The field
equations in the special case ξ = 0 still display a rich
phenomenology, and there is already a good deal to be
explored in them. In particular, we note that in this
case the linearisation process mentioned above reveals the
further desirable property that one can obtain a second-
order equation in V alone, which can then be used to
solve for A alone and thence for the h function alone,
with sensible boundary conditions being available at each
stage. Thus, in this case, the theory is inherently fully
solvable. These issues will be discussed fully in a forth-
coming paper.
C. Einstein gauge
As discussed in Section IIIM, the field equations can be
simplified considerably by adopting the Einstein gauge,
provided φ 6= 0. To obtain the corresponding forms of
the field equations, one merely sets φ = φ0 and makes
the replacement D†aφ
∣∣
φ=φ0
= φ0(Va + 13Ta) throughout,
but we will not carry out this procedure explicitly here.
As we showed earlier, however, if the resulting field equa-
tions are written in terms of ϕ, hµa and the combinations
A†abµ and Vµ+
1
3Tµ (which will always be possible), they
will be identical in form to the full field equations above
expressed in terms of the scale-invariant variables ϕ̂, ĥ µa ,
Â†abµ and V̂µ, respectively, so that there is no need to
consider the condition φ = φ0 as representing a sponta-
neously broken symmetry.
V. LOCALLY SCALE-INVARIANT POINCARE´ GAUGE
THEORY
In Sections II–IV, we have focussed our attention
on locally scale-invariant gauge theories for which lo-
cal Poincare´ invariance is extended to include invari-
ance under local changes of scale by gauging the Weyl
group. In Section II, we assumed the ‘normal’ form for
the transformation of the rotational gauge field under lo-
cal dilations to obtain the well-known Weyl gauge theory
(WGT). This approach provides a systematic means of
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constructing both free gravitational and matter actions
in which each term (and hence the full action in each
case) is invariant under local dilations, in addition to
GCT and local Lorentz rotations, by the introduction of
a new (vector) gravitational gauge field related to local
dilations and the construction of an associated and more
general covariant derivative. Moreover, in Section III, we
presented a novel alternative to WGT by considering a
more general ‘extended’ form of the transformation law
of the rotational gauge field under local dilation, which
includes the ‘normal’ transformation law of WGT as a
special case. The resulting ‘extended’ Weyl gauge theory
(eWGT) again relies on the introduction of a new (vec-
tor) gravitational gauge field related to these ‘extended’
local dilations and the construction of an even more gen-
eral associated covariant derivative.
As mentioned in the Introduction, however, one may
construct PGTs (see Appendix B for a summary of PGT)
that are already invariant under local dilations without
the need to introduce an additional gravitational gauge
field. This is possible assuming either the ‘normal’ or ‘ex-
tended’ transformation law for the rotational gauge field;
we will focus on the latter here, which clearly includes
the former as a special case. The construction of such
locally-scale-invariant PGTs is achieved by requiring the
free parameters in the free gravitational action SG and
matter action SM to obey certain relationships, so that,
although each term in the actions may not be individ-
ually invariant under (extended) local dilations, SG and
SM do each enjoy this property and hence so does the
total action99. In Section VA, we discuss the construc-
tion of such PGTs, and in Section VB we consider locally
scale-invariant reduced PGT.
A. Local scale invariance in PGT
As discussed in Section III, under a local dilation the
‘extended’ transformations laws of the h and A gauge
fields are given by h′a
µ
= e−ρha
µ and A′
ab
µ = A
ab
µ +
θ(baµPb−bbµPa), respectively, where Pa = haµ∂µρ. Here
θ = 0 recovers the ‘normal’ transformations laws (134)–
(135) assumed in WGT and θ = 1 corresponds to the
‘special’ transformation law (141) for the A field.
Consequently, under a local dilation, the PGT covari-
ant derivative transforms inhomogeneously as
D′cϕ′ = e(w−1)ρ[Dcϕ+ wPcϕ+ θP [bδa]c Σabϕ], (253)
where w is the Weyl weight of the field ϕ and Σab are the
generator matrices of the Lorentz group representation
to which ϕ belongs. Thus, one finds that the PGT rota-
tional gauge field strength and its contractions transform
as
R′abcd = e−2ρ{Rabcd + 2θδ[ad (Dc − θPc)Pb] − 2θδ[ac (Dd − θPd)Pb] − 2θP [aT b]cd − 2θ2δ[ac δb]d PePe}, (254a)
R′ac = e−2ρ{Rac − 2θDcPa − θδacDbPb + 2θ2PaPc − 2θ2δacP2 + θPbT acb − θPaTc}, (254b)
R′ = e−2ρ{R− 6θ(Da + 13Ta)Pa − 6θ2P2}, (254c)
where P2 ≡ PaPa, and the translational gauge field
strength and its contractions transform as
T ′abc = e−ρ{T abc + 2(1− θ)P[bδac]}, (255a)
T ′b = e−ρ{Tb + 3(1− θ)Pb}. (255b)
Thus neither Rabcd nor T abc is covariant under a gen-
eral extended Weyl transformation with arbitrary θ. As
mentioned in Section III, however, one sees that Rabcd
is covariant with weight w = −2 under ‘normal’ (θ = 0)
transformations, whereas T abc is covariant with weight
w = −1 under ‘special’ transformations (θ = 1).
1. Free gravitational action
To construct a free gravitational action that is invari-
ant under local dilations, one requires the gravitational
Lagrangian LG to transform covariantly with weight
w = −4, at least up to a surface term. Assuming the
extended transformation law for the A-field, with θ 6= 0,
a long but straightforward calculation shows that there
is no PGT Lagrangian of the form LR2 in (2) that trans-
forms covariantly (aside from the trivial case αi = 0 for
all i) and so LG must vanish. Nonetheless, by contrast,
in the special case of the ‘normal’ transformation law
(θ = 0) for the A-field, LG may be any PGT Lagrangian
of the form LR2 in (2).
2. Matter action
To construct an appropriate matter action, we follow
the rationale presented in Section II J and base our La-
grangian density on (79), but appropriately modified to
use only PGT quantities. Thus, in the most general case,
one might consider100
LM = h−1[ 12 iψ¯γa
↔
Daψ − µφψ¯ψ+ 12ν(Daφ)(Daφ)− λφ4
−aφ2R+ φ2LT 2 ], (256)
where µ, ν, λ and a are dimensionless parameters (usu-
ally positive), and there are three further dimensionless
parameters β1, β2 and β3 in LT 2 .
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Let us denote (256) by LM ≡ Lψ+Lφ+φ2LR+φ2LT 2 .
As discussed in Section III K, Lψ is invariant under ex-
tended local dilations, but one may show that the other
constituent parts of LM transform inhomogeneously as
L′φ = Lφ + 12νh−1(φ2P2 − 2φPaDaφ), (257a)
(φ2LR)′ = φ2LR + aφ2h−1θ[6(Da + 13Ta)Pa + 6θP2], (257b)
(φ2LT 2)′ = φ2LT 2 + (2β1 + β2 + 3β3)φ2h−1(1− θ)[2PaT a + 3(1− θ)P2]. (257c)
In order to make LM invariant, one must therefore im-
pose some conditions on the (dimensionless) parameters
it contains. Indeed, a short calculation reveals a substan-
tial simplification is obtained by setting
1
2ν = −6aθ = 3(θ − 1)(2β1 + β2 + 3β3), (258)
in which case LM transforms as
L′M = LM + 6aθh−1(Da + Ta)(φ2Pa). (259)
It is a simple matter to show that the second term on
the RHS is a total derivative, and so the action based
on (256) is invariant under extended local dilations with
a particular value of θ, provided the dimensionless pa-
rameters ν, a and βi (i = 1, 2, 3) satisfy the conditions
(258). It is worth noting that for a positive value of θ,
the parameters ν and a must be of opposite sign, which
is different to the usual case in WGT and eWGT, where
they are both positive.
It is also worth noting the two special cases of a ‘nor-
mal’ transformation (θ = 0), for which one requires
ν = 0 = 2β1 + β2 + 3β3, and a ‘special’ transforma-
tion (θ = 1), for which ν = 0 = a. Thus, in both special
cases, the kinetic term for the scalar field φ is inadmis-
sible. Moreover, in the former case (θ = 0), one obtains
a generalisation of the gravitational theory proposed by
Obukhov89, who set ν = β1 = β2 = β3 = 0. Adopting
our more general conditions ν = 0 = 2β1+ β2+3β3, one
may further show that the matter Lagrangian (256) can
be written as
LM = h−1[ 12 iψ¯γa
↔
Daψ − µφψ¯ψ − λφ4 − aφ2R+ φ2LT ∗2 ],
(260)
with 2β1+β2+3β3 = 0 in LT ∗2 , which is merely a special
case of the general WGT matter Lagrangian (79).
Since the condition (258) depends on the value of the
parameter θ, it is clear that no single matter Lagrangian
of the form (256) results in an action that is invariant
under an extended local dilation for arbitrary values of θ.
Nonetheless, it is possible to construct such a Lagrangian
using only PGT quantities by making only a minor mod-
ification to (256). Specifically, making the replacement
Daφ→ (Da+ 13Ta)φ (and similarly for Daφ) in the kinetic
term for φ, one may show that one recovers the transfor-
mation law (259) under an extended local dilation, pro-
vided only that 12ν + 6a = 0 and 2β1 + β2 + 3β3 = 0
separately. Thus, in this case, the parameters ν and a
must always be of opposite sign, rather than the usual
case in WGT and eWGT, where both are positive. One
may further show that these conditions allow one to write
the resulting Lagrangian as
LM = h−1[ 12 iψ¯γa
↔
Daψ − µφψ¯ψ + 12ν(D†aφ)(D†aφ)− λφ4 + 112νφ2R† + φ2LT †2 ]− 12νh−1(Da + Ta)(φ2Va), (261)
with 2β1 + β2 = 0 in LT †2 (in which there is no term
proportional to β3). Since the final term on the RHS is a
total derivative, this Lagrangian is equivalent merely to
a particular special case of the eWGT matter Lagrangian
(192), but one where (unusually) the kinetic term for the
φ-field and the φ2R† term have the same sign.
3. Einstein gauge, scale-invariant variables and motion of
test particles
Considering first the general case in which θ may take
an arbitrary value, the matter Lagrangian must have the
form (261), which is equivalent to a special case of the
eWGT matter Lagrangian (192). In this case, LM must
in fact be the total Lagrangian, since one requires the
free gravitational Lagrangian to vanish for arbitrary θ,
as discussed above. Hence, our conclusions in eWGT
regarding the relationship between the Einstein gauge
and scale-invariant variables presented in Section IIIM,
and the motion of test particles given in Section III N,
must also hold in this case.
For the special case θ = 0, the matter Lagrangian (260)
is an example of the general WGT matter Lagrangian
(79). Similarly, the free gravitational Lagrangian in the
θ = 0 case may be any Lagrangian of the form LR2 in
43
(2), which is just a special case of the general WGT free
gravitational Lagrangian (58). It therefore follows that
our conclusions in WGT regarding the relationship be-
tween the Einstein gauge and scale-invariant variables
presented in Section II L, and the motion of test parti-
cles given in Section IIM, also apply in this locally-scale-
invariant PGT.
B. Local scale-invariance in reduced PGT
We now consider the construction of locally scale-
invariant reduced PGTs. As discussed in Appendix B
(see also Section II E), in the ‘reduced’ PGT covariant
derivative 0Da, to which the full PGT covariant deriva-
tive reduces for vanishing PGT torsion, the rotational
gauge field Aabµ is replaced by
0Aabµ, which depends
only on the h-field and its first derivatives. This covari-
ant derivative may be used to construct the ‘reduced’
rotational field strength (or ‘curvature’) tensor 0Rabcd,
which depends only on the h-field and its first and second
derivatives. Moreover, the corresponding reduced trans-
lational field strength (or ‘torsion’) tensor vanishes, since
0T abc ≡ hbµhcν(0Dµbaν − 0Dνbaµ) = 0. Thus, reduced
PGTs can be expressed entirely in terms of the h-field
and its derivatives and correspond to imposing the con-
dition of vanishing PGT torsion directly at the level of
the action.
One may show that, under an extended local dilation,
0A′
ab
µ =
0Aabµ + b
a
µPb − bbµPa, which is independent
of θ, as is expected since 0Aabµ depends on only the h-
field (and its first derivatives), for which h′a
µ
= e−ρha
µ.
Thus, the ‘normal’ and ‘extended’ transformations laws
for 0Aabµ coincide. The corresponding ‘reduced’ PGT co-
variant derivative 0Da transforms inhomogeneously un-
der a local dilation as
0D′cϕ′ = e(w−1)ρ[0Dcϕ+ wPcϕ+ P [bδa]c Σabϕ], (262)
where w is the Weyl weight of the field ϕ and Σab are the
generator matrices of the Lorentz group representation to
which ϕ belongs. Similarly, one finds that the ‘reduced’
rotational field strength transforms as
0R′abcd = e−2ρ{0Rabcd + 2δ[ad (0Dc − Pc)Pb] − 2δ[ac (0Dd − Pd)Pb] − 2δ[ac δb]d PePe}, (263a)
0R′ac = e−2ρ{0Rac − 2 0DcPa − δac 0DbPb + 2PaPc − 2δacP2}, (263b)
0R′ = e−2ρ{0R− 6 0DaPa − 6P2}, (263c)
and 0T abc remains self-consistently zero. It is worth not-
ing that, under a local dilation, the ‘reduced’ quantities
0Aabµ,
0Dcϕ and 0Rabcd all transform independently of
θ, and in the same way as their ‘full’ PGT counterparts
Aabµ, Dcϕ and Rabcd do assuming the ‘special’ transfor-
mation law (141) for the A-field (θ = 1), but with the
replacements Dc → 0Dc and T abc → 0T abc ≡ 0.
1. Free gravitational action
Following the discussion in Appendix B, if LG contains
only terms that are at most quadratic in 0Rabcd and its
contractions, then it has the general form (B3). For LG
to transform covariantly under local dilations, however,
it cannot contain the dimensionful constants κ and Λ,
and so the most general form one need consider is that
given in (B4), namely
LG = α1
0R2 + α2 0Rab0Rab + α3 0Rabcd0Rabcd, (264)
where the αi are dimensionless free parameters. As men-
tioned in Appendix B, one can use the Gauss–Bonnet
identity to set to zero any one of the parameters αi, with
no loss of generality (at least classically). For our cur-
rent purposes, however, it is more convenient to retain
the form (264).
Using the expressions (263a)–(263c), a short calcula-
tion reveals that LG transforms covariantly with weight
w = −4 under an extended local dilation, provided
2α3 + α2 = 0 and 3α1 − α3 = 0. Letting α = α3 for con-
venience, one thus obtains the one-parameter free gravi-
tational Lagrangian
LG = α(
0Rabcd0Rabcd − 2 0Rab0Rab + 13 0R2), (265)
for which the corresponding action is thus unique up to
surface terms and an overall scaling. If one wishes, one
may now use the fact that the Gauss–Bonnet term (59)
contributes a total derivative to the action (in D ≤ 4
dimensions) to remove terms in LG. The calculation of
the field equations is simplest if one removes the term
proportional to 0Rabcd0Rabcd to obtain
LG = 2α(
0Rab0Rab − 13 0R2), (266)
which changes only by a surface term under local changes
of scale, and hence the equations of motions are covariant
under such a transformation.
When interpreted geometrically, the theory defined by
(265) or (266) coincides with so-called conformal gravity
theory101. Indeed, as one might suspect, one can easily
show that (265) is proportional to the Weyl-squared La-
grangian LW =
0Cabcd 0Cabcd, where 0Cabcd is the gauge
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theory equivalent of the Weyl tensor, given by
0Cabcd=0Rabcd− 12 (ηac0Rbd−ηad0Rbc−ηbc0Rad+ηbd0Rac)
+ 16 (ηacηbd − ηadηbc)0R. (267)
This tensor represents the traceless part of 0Rabcd; it has
the same symmetries, but satisfies the extra condition of
being trace-free (contraction on any pair of indices yields
zero). It transforms covariantly as 0C′abcd = e−2ρ 0Cabcd
under a local change of scale, so that LW also transforms
covariantly with a Weyl weight w(LW ) = −4, and hence
the corresponding action is invariant under a local change
of scale, as found above.
It should be noted, however, that the Lagrangian (265)
or (266) is quadratic in second-order derivatives of the
h-field, and so the corresponding field equations will typ-
ically be linear in fourth-order derivatives of h. This
suggests that conformal gravity may suffer from Ostro-
gradsky’s instability, although this needs to be checked
in detail. Ostrogradsky’s instability is often reinterpreted
as non-unitary behaviour in the associated quantum the-
ory, but this instability occurs in the classical Hamilto-
nian and survives canonical quantisation19; it thus seems
unlikely that it can be circumvented by any attempt to
redefine the Fock space of the quantum theory102. Such
issues may be problematic for conformal gravity as a fun-
damental description of the gravitational field, although
further investigation is clearly necessary.
2. Matter action
To construct an appropriate matter action, we again
follow the rationale presented in Section II J, but appro-
priately modified to use ‘reduced’ PGT quantities rele-
vant to the special case of vanishing PGT torsion. Thus,
in the most general case, one might consider the La-
grangian (256), but with the replacements Da → 0Da,
R → 0R and without the term proportional to LT 2 ,
namely103
LM = h−1[ 12 iψ¯γa
↔
0Daψ−µφψ¯ψ+ 12ν (0Daφ) (0Daφ)−λφ4
−aφ2 0R]. (268)
Using (262) and (263c), one may show that, under a
local change of scale, LM transforms as
L′M=LM−h−1[ 12νPa 0Daφ2−6aφ2 0DaPa
+(12ν + 6a)φ
2PaPa]. (269)
By setting 12ν + 6a = 0, however, one obtains
L′M = LM − h−1[ 12ν 0Da(φ2Pa)], (270)
where we recognise the second term on the RHS as a total
derivative. Thus, in this special case, the corresponding
field equations are covariant under local dilations. The
resulting matter Lagrangian, obtained by setting 12ν +
6a = 0 in (268), coincides with that typically assumed in
conformal gravity101. It is worth noting that, as found
in the previous section, the dimensionless parameters ν
and a must have opposite signs, which is different to the
usual case in WGT and eWGT, where both parameters
are positive. Thus, the resulting matter Lagrangian is
again unusual in having the same sign for the kinetic
term for φ and the φ2 0R term.
3. Einstein gauge, scale-invariant variables and motion of
particles
One may show that the definition (267) of the Weyl
tensor 0Cabcd also holds if one makes either of the re-
placements 0Rabcd → 0R∗abcd or 0Rabcd → 0R†abcd (and
similarly for the associated contractions) on the RHS,
thereby replacing the ‘reduced’ curvature tensor in PGT
with its counterpart either in WGT or eWGT. Thus, the
free gravitational Lagrangian (265) retains its form if one
makes either set of replacements, and is hence a special
case of the free gravitational Lagrangians in both reduced
WGT and reduced eWGT, namely (111) and (203) re-
spectively.
Similarly, the matter Lagrangian (268) with 12ν+6a =
0 may be shown to equal (261) with Da → 0Da and
Ta ≡ 0 and either set of replacements D†a → 0D∗a,
R† → 0R∗ T †abc → 0T ∗abc ≡ 0 or D†a → 0D†a, R† → 0R†
T †abc → 0T †abc ≡ 0. Thus, (268) with 12ν+6a = 0 is equiv-
alent to a special case of the general matter Lagrangian
in both reduced WGT and reduced eWGT, namely (79)
and (192) respectively, with vanishing WGT/eWGT tor-
sion.
As a result, our conclusions regarding the equivalence
of the Einstein gauge and scale-invariant variables, and
the motion of test particles, presented in Sections II L and
IIM for WGT and Sections IIIM and IIIN for eWGT,
also hold in this case.
VI. DISCUSSION AND CONCLUSIONS
We have presented a general approach to construct-
ing gauge theories of gravity in a manner that differs
from that usually presented in the literature. In partic-
ular, in keeping with the field theories that describe the
other fundamental interactions, we maintain throughout
the notion of gauge fields in Minkowski spacetime, rather
than adopting the more usual geometric interpretation,
which has some non-trivial consequences. We also work
exclusively in terms of finite local transformations, rather
than their usual infinitesimal forms; this allows, in our
view, for a more transparent interpretation of the result-
ing theories.
We focus our attention in particular on constructing
locally scale-invariant gauge theories of gravity. This
is usually achieved by extending local Poincare´ invari-
ance to include invariance under local changes of scale by
gauging Weyl transformations. The resulting Weyl gauge
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theory (WGT) is well known and generalises Poincare´
gauge theory (PGT) by providing a systematic gauge-
theoretic means of constructing both matter and gravi-
tational actions that are invariant under local scale trans-
formations, in addition to GCT and local Lorentz rota-
tions, by the introduction of a new (vector) gravitational
gauge field related to local dilations and the construc-
tion of an associated and more general covariant deriva-
tive. The WGT action also typically depends on a scalar
compensator field φ, which opens up the possibility of
including terms in which φ is non-minimally coupled to
the gauge field strength tensors, in addition (usually) to
kinetic and self-interaction terms for φ. Although WGT
has been widely studied, we make some observations that
differ from typical accounts of the subject, in particular
regarding the interpretation of the Einstein gauge and
also the equations of motion of matter fields and test
particles. In the Einstein gauge, one simplifies the equa-
tions of motion by using local scale-invariance to set the
compensator scalar field to a constant, φ(x) = φ0. This
is usually considered as representing the choice of some
definite scale in the theory, and is often given the physi-
cal interpretation of corresponding to some spontaneous
breaking of the scale symmetry. We show, however, that
the equations of motion in the Einstein gauge are iden-
tical in form to those obtained when working in terms
of scale-invariant variables, where the latter involves no
breaking of the scale symmetry. This suggests that one
should introduce further scalar fields, in addition to the
compensator field φ, to enable a true breaking of the scale
symmetry. Regarding the trajectories of test particles in
WGT (and PGT as a special case), we construct an ac-
tion for a classical spin- 12 point particle, which we use as
our model for ‘ordinary matter’, and show that such par-
ticles satisfy an equation of motion that corresponds to
geodesic paths, rather than autoparallels; we also show
that the same is true for photons.
Our main objective, however, is to present a novel al-
ternative to WGT by considering a more general ‘ex-
tended’ transformation law for the rotational gauge field
under local dilations, which includes its ‘normal’ trans-
formation law in WGT as a special case. This is mo-
tivated by the observation that the PGT (and WGT)
matter actions both for the Dirac field and the electro-
magnetic field are already invariant under local dilations
if one assumes this ‘extended’ transformation law, in the
same way as they are for the ‘normal’ transformation
law assumed in WGT. Moreover, under a global scale
transformation, the two transformation laws coincide,
and so both may be considered as equally valid gaug-
ing of global Weyl scale invariance. The key difference
between the two sets of transformations is that, whereas
under the ‘normal’ Weyl transformations the PGT gauge
fields ha
µ and Aabµ transform covariantly with weights of
w, −1 and 0, respectively, under the ‘extended’ transfor-
mations the rotational gauge field Aabµ transforms inho-
mogeneously. This has the consequence that the trans-
formation properties of the PGT rotational gauge field
strength (or ‘curvature’) Rabcd and translational gauge
field strength (or ‘torsion’) Tabc are treated in a more
balanced manner. The resulting ‘extended’ Weyl gauge
theory (eWGT) again relies on the introduction of a new
(vector) gravitational gauge field Vµ related to the ‘ex-
tended’ local dilations and the construction of an associ-
ated covariant derivative D†a.
Our extended WGT has a number of interesting fea-
tures, which include the following.
• The translational, rotational and dilational
field strength tensors R†abcd(h,A, ∂A, V, ∂V ),
T †abc(h, ∂h,A) and H†ab(h, ∂h, ∂2h,A, ∂A, ∂V ),
respectively, depend on the gauge fields ha
µ, Aabµ
and Vµ and their derivatives in a profoundly
different way to WGT, as indicated, leading to a
very different dependence of the free gravitational
and matter actions on the gauge fields.
• An action that is at most quadratic in the field
strength tensors R†abcd and T †abc, respectively, yield
equations of motion that are, in general, linear in
the second derivatives of the gauge fields, and hence
the corresponding Hamiltonian does not suffer from
Ostrogradsky’s instability. If one includes a term
quadratic in H†ab, however, it contributes terms
to the resulting field equations that are linear in
fourth-order derivatives of the ha
µ field. Nonethe-
less, as we discussed in Section IVB, there are
grounds for omitting the term quadratic in H†ab
from the action and, moreover, even if this term
is included, the theory may still not suffer from
Ostrogradsky’s instability.
• The trace T †a of the eWGT translational gauge field
strength vanishes identically, which has a number of
consequences. These include: the automatic equiv-
alence of the minimal coupling procedure when ap-
plied at the level of the action or directly in the
field equations; a simplified torsion-squared part of
the free gravitational action; and simplified Bianchi
identities. In particular, the covariant divergence of
the translation gauge field strength depends only
the rotational and dilational gauge field strengths.
• The energy-momentum tensors tab and τab derived
from the free gravitational and matter actions, re-
spectively, are not separately covariant under ex-
tended local dilations, although their non-covariant
parts cancel to yield a covariant h-field equation, as
required. Nonetheless, one can construct covariant
versions t†ab and τ
†
ab of free-gravitational and mat-
ter energy momentum tensors; this is most nat-
urally achieved by adopting an alternative varia-
tional principle in which one makes a change of field
variables such that Aabµ is replaced by A
†ab
µ ≡
Aabµ + (Vabbµ − Vbbaµ).
• In terms of this alternative set of field variables, the
total Lagrangian density does not depend explic-
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itly on the dilation gauge field Vµ or its derivatives.
This leads to the identification of an alternative di-
lation current ζ†a, which vanishes identically. As a
consequence, the contribution of the free gravita-
tional and matter sectors, respectively, to the V -
field equation is merely twice the relevant contrac-
tion of their contributions to the A-field equation.
• The conservation equations have a very different
form to those in PGT or WGT. In particular, in-
variance of the free gravitational action under ex-
tended local dilations leads to a differential con-
servation law similar to that obtained in WGT,
but also an additional algebraic condition that the
trace t†aa of the free-gravitational energy momen-
tum tensor (i.e. the trace of the gravitational sec-
tor’s contribution to the h-field equation) should
vanish. Similarly, in the matter sector, one ob-
tains an additional algebraic condition on the trace
τ†aa of the total matter energy-momentum tensor
in terms of the equations of motion of the matter
field ϕ and (compensator) scalar field φ.
• The combination of the previous two results leads
to eWGT having only three independent field equa-
tions, namely the h-equation, the A-equation and
the ϕ-equation. In this respect, eWGT is more sim-
ilar to PGT than standard WGT.
• The conclusions given above regarding the inter-
pretation of the Einstein gauge and the equations
of motion of test particles in WGT are also found
to hold in eWGT.
• In the special case of identically vanishing eWGT
translational gauge field strength, T †abc ≡ 0, the
eWGT covariant derivative D†a simplifies to a ‘re-
duced’ form 0D†a that has a very different structure
to that in WGT, since it still depends on the rota-
tional gauge field Aabµ.
• One may use the ‘reduced’ covariant derivative 0D†a
to construct ‘reduced’ eWGT, which corresponds to
imposing the condition of vanishing eWGT torsion
directly at the level of the action. Unlike reduced
PGT and WGT, the resulting theory, and in par-
ticular the reduced rotational field strength tensor
0R†abcd(h, ∂h, ∂2h,A, ∂A, V, ∂V ), depends on all the
gauge fields, most notably the rotational A-gauge
field. As in reduced PGT and WGT, however,
the rotational field strength tensor contains second-
order derivatives of the h-field, so that terms in
the action that are quadratic in 0R†abcd will con-
tribute terms to the resulting equations of motion
that are linear in fourth-order derivatives of h, and
such theories typically suffer from Ostrogradsky’s
instability. It is important, however, to distinguish
reduced eWGT from simply imposing the condition
T †abc = 0 in the field equations of eWGT, which
yields different equations of motion in general, and
a theory that does not suffer from Ostrogradsky’s
instability, if the term proportional to H†abH†ab is
excluded from the free gravitational Lagrangian.
• The geometric interpretation of eWGT is in terms
of a new spacetime geometry that represents an
extension of Weyl–Cartan Y4 spacetime.
• The extended transformation law introduced for
the rotational gauge field Aabµ, and the associated
introduction of its modified counterpart A†abµ, im-
plement Weyl scaling in a novel way that may be
related to gauging of the full conformal group, al-
though this remains a topic for future research.
We have also explicitly presented a new scale-invariant
gauge theory of gravity, defined by the most gen-
eral parity-invariant eWGT Lagrangian that is at most
quadratic in the eWGT field strengths and can accommo-
date ‘ordinary’ matter. We derive the field equations for
this theory and comment briefly on their structure. The
phenomenology of eWGT and its application to astro-
physics and cosmology will be described in forthcoming
papers.
Finally, we consider the construction of PGT actions
that are invariant under local dilations, focussing on the
extended transformation law for the rotational gauge
field (which includes as as special case the normal trans-
formation law usually assumed in WGT). After con-
sidering the general case, we discuss the construction
of locally-scale-invariant reduced PGT, and identify the
unique resulting theory as equivalent to conformal grav-
ity, when interpreted geometrically, but note that this
theory may suffer from Ostrogradsky’s instability. We
show that, in general, locally-scale-invariant (reduced)
PGTs are merely special cases of (reduced) WGT or
eWGT, depending on the transformation law assumed
for the rotational gauge field.
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Appendix A: Semi-classical model for a spinning point
particle
The dynamics of a fermion is described by the Dirac
equation, together with the quantum-mechanical rules
for constructing observables. For many applications,
however, such as determining the motion of a massive
matter particle, it is useful to work with semi-classical
and classical approximations to the full quantum theory,
which we summarise here.
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1. Re-expression of the Dirac Lagrangian
The standard special-relativistic Lagrangian for a clas-
sical Dirac field ψ of mass m is given by
LD =
1
2 i[ψ¯γ
µ∂µψ−(∂µψ¯)γµψ]−mψ¯ψ ≡ ℜ(iψ¯ /∂ψ)−mψ¯ψ,
(A1)
where the kinetic energy term is written so that it is
manifestly real (and the sign ensures the terms contribute
positive energy on quantisation) and /∂ ≡ γµ∂µ. Our
aim here is to rewrite the kinetic term in (A1) in an
alternative form by obtaining an identity that will allow
us to replace ψ¯.
We begin by considering the quantity ψ¯/J , where Jµ =
ψ¯γµψ is the Dirac current, which we may write as
ψ¯/J = Jµψ¯γµ = ψ¯γ
µψψ¯γµ. (A2)
The spinor outer product ψψ¯ may be rewritten using the
Fierz rearrangement formula as
ψψ¯ = 14 (ψ¯ψ + ψ¯γ
νψγν − ψ¯γνγ5ψγνγ5+ 12 ψ¯σνρψσνρ
+ψ¯γ5ψγ5), (A3)
where γ5 = γ5 = iγ
0γ1γ2γ3 and σνρ = i2 [γ
ν , γρ] (and
we have assumed the spinor components to be normal
c-numbers, rather than Grassmann variables). Inserting
(A3) into (A2), one finds after a short calculation that
ψ¯/J = ψ¯(ψ¯ψ + ψ¯iγ5ψiγ5). (A4)
It is convenient to define the real scalar ρ ≡ ψ¯ψ and
real pseudoscalar β ≡ ψ¯iγ5ψ, so that (A4) reads ψ¯/J =
ψ¯(ρ+βiγ5). Postmultiplying this expression by (ρ−βiγ5)
and rearranging, one finds that ψ¯ can be written as
ψ¯ =
ψ¯(ρ+ βiγ5)/J
ρ2 + β2
. (A5)
Inserting this form into the kinetic part of the Dirac La-
grangian (A1) and writing the result explicitly in terms
of ψ and ψ¯, one finally obtains the re-expressed form
LD =
ℜ[iψ¯(ψ¯ψ + ψ¯iγ5ψiγ5)/J /∂ψ]
(ψ¯ψ)2 + (ψ¯iγ5ψ)2
−mψ¯ψ. (A6)
In particular, we note that the quantity /J /∂ψ appearing
in (A6) may be written as
/J /∂ψ = Jµ∂µψ − iσµνJµ∂νψ. (A7)
The quantity Jµ∂µψ is clearly interpreted as a derivative
along a streamline of the Dirac fluid. Similarly, the re-
maining term on the RHS of (A7) is a derivative along
the direction nν ≡ −iσµνJµ, which is orthogonal to Jµ,
since Jνn
ν = −iσµνJµJν = 0. Thus, −iσµνJµ∂νψ is in-
terpreted as a derivative perpendicular to a streamline of
the Dirac fluid.
2. Action for a spin- 1
2
point particle
Our reason for rewriting the Dirac Lagrangian in the
alternative form (A6) is that it lends itself to the con-
struction of an action for a classical spin- 12 point par-
ticle, which we use as our model for ‘ordinary matter’.
The essential idea9 is to specialise to motion along a sin-
gle streamline defined by the Dirac current Jµ. Thus
the particle is described by a worldline xµ(λ), together
with a ‘rotor’ R(λ), which is a Dirac spinor defined along
the worldline that satisfies the normalisation conditions
R¯R = 1 and R¯iγ5R = 0, and contains information about
the velocity and spin of the particle.
Thus, to obtain the Lagrangian for a point particle,
one replaces ψ by R in (A6), restricts derivatives to lie
purely along the particle worldline, and identifies the ve-
locity x˙µ ≡ dxµ/dλ with R¯γµR. The last identification
is enforced by including in the action integral a Lagrange
multiplier pµ(λ), which is identified with the momentum
of the particle; note that, in general, pµ and x˙
µ are not
collinear. Finally, an einbein e(λ) is introduced (writ-
ten as me(λ) for later convenience) to ensure reparam-
eterisation invariance along the particle worldline. The
resulting action may be written as
S =
∫
dλ [ℜ(iR¯R˙)− pµ(x˙µ −meR¯γµR)−m2e]. (A8)
An equivalent expression has been derived previously9,
but there the action is instead expressed in terms of ge-
ometric algebra. Variation of the action with respect
to the dynamical variables xµ(λ), R(λ), pµ(λ) and e(λ)
leads to the semi-classical equations of motion for a spin-
1
2 point particle
104.
One proceeds to the full classical approximation by
replacing R¯γµR by pµ/m and then neglecting the particle
spin by dropping all terms that contain R. Redefining the
einbein e(λ) → 12e(λ) for later convenience, this process
leads to the action
S = −
∫
dλ [pµx˙
µ − 12e(pµpµ −m2)], (A9)
and variation with respect to the remaining dynamical
variables xµ(λ), pµ(λ) and e(λ) leads to the classical
equations of motion for the point particle.
Appendix B: Poincare´ gauge theory
The discussion of WGT in Section II also serves, with
appropriate notational modifications, as an account of
PGT, which may be considered as a special case. In par-
ticular, by setting ρ = 0 in the global Weyl transforma-
tion (6), one recovers a global Poincare´ transformation.
Thus, all the subsequent results in Section IIA relating
to global Weyl transformations are also valid for global
Poincare´ transformations provided one sets ρ = 0.
In an analogous manner, local Weyl transformations
reduce to local Poincare´ transformations if ρ(x) = 0. In
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this case, it is no longer necessary to introduce the dila-
tion gauge field Bµ to construct the PGT Λ-covariant
derivative Dµϕ. Thus, all the results given in Sec-
tions II B and II C also hold in PGT if one sets ρ(x) = 0 =
Bµ and removes all asterisks from derivative operators.
In particular, it is worth noting that the rotational gauge
field Aabµ transforms identically in PGT and WGT, ac-
cording to (23).
Similar considerations apply to field strength tensors.
Indeed, all the results presented in Section IID are also
valid in PGT if one sets Bµ = 0 and removes all asterisks.
In particular, it is worth noting that the rotational field
strength tensor Rabµν in (39) has the same form in both
PGT and WGT (and so no distinction is made between
them), whereas the dilation field strength Hµν in (40)
vanishes identically in PGT. Also, the translation field
strengths in PGT and WGT are related by (44).
Equally, the results presented in Section II E regard-
ing the construction of a ‘reduced’ covariant derivative
also hold in PGT if one again sets Bµ = 0 and removes
all asterisks. Moreover, the decomposition (46) or (47)
holds with all asterisks removed from the RHS. Conse-
quently, in the special case where the equations of motion
result in Tabc being independent of Aabc, one obtains an
explicit expression for the A-field in terms of just the h-
gauge field. Turning to the Bianchi identities, the same
prescription of setting Bµ = 0 (so that Hµν = 0) and re-
moving all asterisks from the results given in Section II F
leads to the corresponding identities in PGT.
In constructing a free gravitational Lagrangian for
PGT, one has considerably more freedom than in the
WGT case discussed in Section IIG, since one requires
only that LG is a scalar function of the two PGT field
strengths Rabcd and Tabc and there is no restriction on
its Weyl weight w. Thus, in principle, LG may contain
terms of any order in the field strengths. As discussed in
the Introduction, however, if one demands adequacy of
kinematics and dynamics, and consistency with the stan-
dard Einstein general relativity in the macroscopic limit,
one is led naturally to a Lagrangian LG that is, at most,
quadratic the field strength tensors, such that
LG = −κ−1(Λ + aR) + LR2 + κ−1LT 2 , (B1)
where R ≡ Rabab, Λ is a cosmological constant, a is
a dimensionless free parameter (usually positive), and
LR2 and LT 2 are given by (2) and (3) respectively. As
in WGT, the field strength Rabcd satisfies a form of the
Gauss–Bonnet identity, such that the combination in (59)
contributes a total derivative to the action (in D ≤ 4 di-
mensions). Hence one may set any one of α1, α3 or α6
in (2) to zero, without loss of generality (at least classi-
cally). The precise version of PGT under consideration
depends on the choice of the parameters a, Λ, {αi} and
{βi} in LG. As an illustration, in Appendix C we give
a brief account of the form of the theory first considered
by Kibble, in which LG ∝ R.
The total action ST is simply the sum of the free grav-
itational and matter actions. In the free gravitational
sector, adopting the usual form of the Lagrangian (B1)
induces dependencies on both gauge fields h and A (sup-
pressing indices for brevity), and their first derivatives.
In particular, the dependence on ∂h results from the pres-
ence of LT 2 in (B1), which is absent in WGT. In the
matter sector, covariant derivatives of the matter field ϕ
induce a dependence on ϕ, ∂ϕ, h and A, but one typically
does not include a compensator scalar field φ (although
φ is usually introduced in locally-scale-invariant PGTs,
see Section V, we will not consider this possibility here).
Thus, the total Lagrangian density is
LT = LG(h, ∂h,A, ∂A) + LM(ϕ, ∂ϕ, h,A), (B2)
where we have indicated the functional dependencies in
the most general case. The general structure of the re-
sulting equations of motion for the gauge fields is the
same as that described for WGT in Section IIH, except
that the B-field equation (62c) in WGT is obviously ab-
sent in PGT. Similarly, the equation of motion for the
matter field ϕ has the same form as (67a) but with all
asterisks removed, but the φ-field equation (67b) in WGT
is typically absent in PGT. The conservation laws in PGT
may also be obtained from those given for WGT in Sec-
tion II I, by removing all asterisks and setting Hab, ja, ζa
to zero and φ to unity in (68a)–(68b) and (69a)–(69b).
Clearly, the WGT conservation laws (68c) and (69c) re-
lating to local dilation invariance are usually absent in
PGT.
The coupling of the PGT gravitational gauge fields to
the Dirac matter field and electromagnetic field is analo-
gous to that in WGT, discussed in Sections II J and IIK,
except that one does not typically introduce the scalar
(compensator) field φ. Indeed, as mentioned in these dis-
cussions, in both cases the Lagrangian density in PGT
is identical to that in WGT, with the slight modification
µφψ¯ψ → mψ¯ψ for the Dirac field. Thus, after this change
and then following our prescription of removing all aster-
isks and setting Bµ = 0 and φ = 1, all the results in these
sections are also valid in PGT. Similar considerations ap-
ply to results regarding the motion of test particles given
in Section IIM, with the key conclusion that they follow
the gauge theory equivalent of geodesic motion, rather
than autoparallels.
For ‘reduced’ PGT, an analogous situation to that de-
scribed in Section IIN holds. In particular, the results re-
garding the construction of ‘reduced’ field strengths also
hold in PGT if one again sets Bµ = 0 (and so Hµν = 0
also) and removes all asterisks. Since the reduced ‘trans-
lational’ field strength of the h-field again vanishes iden-
tically, 0T abc ≡ 0, only the reduced ‘rotational’ field
strength 0Rabcd(h, ∂h, ∂2h) remains, which depends on
only the h-field and its first and second derivatives, as in-
dicated. Thus, the entire resulting theory can be written
purely in terms of just the h-gauge field. For the Bianchi
identities involving ‘reduced’ field strengths, it is worth
noting that the PGT versions of (51) and (52) reduce to
the familiar differential Bianchi identity and cyclic iden-
tity, respectively, of the Riemann tensor in V4. Also, (55)
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and (56) reduce, respectively, to the familiar results in V4
that the covariant divergence of the Einstein tensor van-
ishes and the Ricci tensor is symmetric. The expressions
for how the ‘full’ PGT rotational field strength tensor
Rabcd and its contractions are related to their ‘reduced’
counterparts are obtained by removing all asterisks from
(110a)–(110c). It is worth noting that the PGT version
of the last term on the RHS of (110c) may be rewritten in
terms of a total derivative as 0DaT a = h∂µ(h−1haµT a),
whereas this is not possible in WGT105.
For reduced PGT, the free gravitational Lagrangian
analogous to (B1) is
LG = −κ−1(Λ + a 0R) + L0R2 , (B3)
where L0R2 is based on (2) with Rabcd replaced by
0Rabcd. Unlike its WGT counterpart, however, 0Rabcd
obeys all the usual symmetries of the curvature tensor in
a Riemannian V4 spacetime, and so the number of dis-
tinct terms in L0R2 is reduced to
L0R2 = α1
0R2+α2 0Rab0Rab+α3 0Rabcd0Rabcd, (B4)
where the αi are dimensionless free parameters. In
fact, one can simplify (B4) still further (in D ≤ 4 di-
mensions), since 0Rabcd and its contractions also sat-
isfy a Gauss–Bonnet identity of the form (59), but with
Rabcd → 0Rabcd. Thus, one can set to zero any one of the
parameters αi in (B4) with no loss of generality (at least
classically). The calculation of the corresponding field
equations is simplest if one sets α3 = 0, which is the pre-
ferred choice, and thus yields the modest four-parameter
family of free gravitational Lagrangians
LG = −κ−1(Λ + a 0R) + α1 0R2 + α2 0Rab0Rab. (B5)
This Lagrangian depends on only the h gauge field and
its derivatives. In general, however, it is quadratic in
second-order derivatives of the h-field, and so the corre-
sponding field equations will typically be linear in fourth-
order derivatives of h; such theories typically suffer from
Ostrogradsky’s instability, although this must be inves-
tigated on a case-by-case basis. If one demands the field
equations to be at most second-order in derivatives of
h, then one must set α1 = α2 = 0 (at least in D ≤ 4
spacetime dimensions), and on choosing a = 12 the re-
sulting theory corresponds precisely to general relativity
with a cosmological constant, when interpreted geomet-
rically. Another interesting choice of coefficients in (B5)
is a = 0 = Λ, α1 = − 13α2, which corresponds to the free
gravitational Lagrangian of so-called conformal gravity
theory, when interpreted geometrically101; this theory is
discussed briefly in Section VB as the unique example of
a locally scale-invariant reduced PGT.
Finally, the geometric interpretation of PGT follows
from the corresponding discussion of WGT in Sec-
tion IIO by adopting the usual prescription of removing
all asterisks and setting Bµ (and therefore Hµν) to zero.
In particular, it is worth noting that RHS of the semi-
metricity condition (124) vanishes in PGT, which shows
that the spacetime has, in general, a Riemann–Cartan U4
geometry, i.e. the connection is metric compatible but
may exhibit non-zero torsion. Also, the quantities (125)
and (126) become simply the curvature and (minus) tor-
sion tensor of the U4 spacetime, and (127) vanishes iden-
tically. For the geometric interpretation of the ‘reduced’
quantities, one adopts the same approach as above, which
leads one to recognise 0Rρσµν as the standard curvature
tensor in a Riemannian V4 spacetime, which obeys all the
familiar symmetries, plus the cyclic and Bianchi iden-
tities. It is worth noting that the comments made at
the end of Section IIO regarding the choice to interpret
some quantities as geometric properties of the underlying
spacetime and others as fields residing in that spacetime
are equally true in PGT. As a concrete example, consider
the PGT version of (110c) in the geometric interpreta-
tion, namely
R = 0R+ 14T
µνλTµνλ+
1
2T
µνλTνµλ − T µTµ
− 2√−g∂µ(
√−gT µ), (B6)
which relates the Ricci–Cartan scalar R ≡ Rµνµν in
U4 spacetime to the Ricci scalar
0R ≡ 0Rµνµν in V4
spacetime. In standard Einstein–Cartan theory (see Ap-
pendix C for its interpretation as a gauge theory in
Minkowski spacetime), the gravitational Lagrangian is
taken to be LG = −R/(2κ) and the theory is interpreted
as a geometric theory in U4 spacetime. One could, how-
ever, equally well rewrite the Lagrangian using (B6) and
interpret the theory as a geometric theory in V4 spacetime
that includes a tensor field Tµνσ (obeying the appropri-
ate symmetries) defined on that spacetime, for which the
Lagrangian is given by the terms containing Tµνλ in (B6)
(apart from the final one, which can be omitted since it
contributes only a total derivative to the integrand of the
action).
Appendix C: Einstein–Cartan theory
The precise version of PGT under consideration is de-
termined by the form of the gravitational Lagrangian
density LG and the matter Lagrangian density LM. As
an example, we here give a brief account of the origi-
nal such theory, first considered by Kibble, in which LG
is chosen to be proportional to the allowable covariant
expression of lowest degree, namely the linear invariant
R = Rabab. Thus, in Kibble’s original theory, one has
LG = − 1
2κ
h−1R, (C1)
which corresponds to setting a = 12 and Λ = αi = βi = 0
in (B1); the factor 12 is introduced for later convenience.
The resulting theory is known as Einstein–Cartan (EC)
theory106, which, when re-interpreted geometrically, is a
direct generalisation of general relativity to include tor-
sion sourced by the spin-angular-momentum (if any) of
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the matter field. We will first consider a general such
matter field, but then specialise to the Dirac field.
1. Field equations
The above choice for the gravitational Lagrangian den-
sity simplifies the general structure of the PGT gravita-
tional field equations a little, since LG does not depend
on derivatives of the h-field. In particular, one finds that
the gravitational field equations read (after slight rear-
rangement)
Racbc − 12δabR = κhτab, (C2)
hbcµDν [h
−1(ha
µhb
ν − haνhbµ)] = 2κhσabc. (C3)
where the energy-momentum and spin-angular-
momentum, respectively, associated with the mat-
ter Lagrangian LM provide the source terms on the
right-hand sides of the equations.
The first field equation (C2) is written primarily in
terms of the rotational gauge field strength Rabcd and
clearly resembles the Einstein equations in general rela-
tivity, although with a very different interpretation here.
We can, in fact, rewrite the second field equation (C3) in
terms of the translational field strength T abc to obtain
T cab + δcaTb − δcbTa = 2κhσabc. (C4)
where Ta ≡ T cac, as defined in (66). In particular, by
contracting (C4) on the indices b and c, we find
Ta = −κhσabb. (C5)
This result may be used to re-write the second field equa-
tion (C4) to give an explicit expression for the transla-
tional gauge field strength, which reads
T cab = κh(2σabc + δcaσbdd − δcbσadd). (C6)
It is worth noting that this relationship is algebraic,
rather than differential. Thus, as mentioned in the In-
troduction, the T -field is non-propagating, i.e. it must
vanish outside of spin sources.
It should be noted that the second field equation (C4)
can, in principle, be solved for Aabµ or, equivalently, for
its fully Lorentz-index counterpart Aabc = hcµAabµ. In
particular, combining the PGT form of the expression
(46) (with all asterisks removed) and (C6), one quickly
finds that
Aabc = 12 (cabc + cbca − ccab)
+κh(σabc−σbca−σcab + ηacσbdd − ηbcσadd), (C7)
where ccab was defined in (45) (again removing all aster-
isks). In the general case, in which σab
c 6= 0, this is not,
however, an explicit solution since Aabc also occurs on
the right-hand side. Nonetheless, if LM is linear in the
derivatives of the matter field(s), then σabc is indepen-
dent of Aabc and so (C7) is an explicit solution for Aabc.
In this case, Aabc is no longer an independent dynamical
variable, but is derivable from the h-field, and so one may
express the entire theory in ‘second-order’ form.
The second field equation (C4) also allows for straight-
forward consideration of special cases in which σab
c satis-
fies given constraints. From (C5), we see that in the spe-
cial case where σab
b = 0, then Ta also vanishes, thereby
greatly simplifying (C4). Moreover, if the spin-angular-
momentum of the matter field vanishes altogether, such
that σab
c = 0, then so too must the translational gauge
field strength T cab, and so the h-field itself must satisfy
Dbhaµ −Dahbµ = 0. (C8)
2. Dirac matter field
It is worth noting that, if the matter source in EC
theory is a massive Dirac field ψ, such that the matter
Lagrangian density is given by (70) with µφ ≡ m, sev-
eral simplifications occur. Firstly, the Dirac matter La-
grangian is linear in the derivatives of ψ, so that the spin-
angular-momentum tensor σabc is independent of the ro-
tational gauge field Aabc. Thus, as discussed above, the
latter may be expressed in terms of the h-field, and is
no longer an independent field. Moreover, from (C5), we
find that
Ta = −κhσabb = 0, (C9)
since σabc = σ[abc] for Dirac matter and so all contrac-
tions of the spin-angular-momentum tensor vanish. An
immediate consequence of (C9) is that the second gravi-
tational field equation (C4) takes the much simpler form
T cab = 2κhσabc. More interestingly, the condition (C9)
implies that the covariant Dirac equation reduces to
iγaDaψ −mψ = 0, (C10)
which is precisely the form that would be obtained by
applying the minimal-coupling procedure directly at the
level of the Dirac equation, rather than at the level of the
action. Thus, we see that in EC theory, at least, the two
approaches are consistent.
3. Geometrical interpretation of EC theory
Finally, we comment briefly on the geometric inter-
pretation of the special case of Einstein–Cartan theory,
discussed in Section C. In this case, the gravitational field
equations (C2) and (C6) can be rewritten in the form
Rµν − 12gµνR = κ
τµν√−g , (C11)
T λµν =
κ
2
√−g (2σµν
λ + δλµσνρ
ρ − δλνσµρρ),(C12)
where Rµν ≡ Rλµλν and R ≡ Rµµ have their usual forms,
but one must remember that the affine connection Γλµν
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is not, in general, symmetric in µ and ν. Also, τµν =
eaµe
b
ντab and σµν
λ = eaµe
b
νec
λσab
c, where the former
is, in general, not symmetric.
It is worth noting that, in the case where the spin-
angular-momentum σµν
λ of the matter field vanishes,
then so too does the torsion T λµν and hence the affine
connection reduces to the metric connection. In this
case, Rµν reduces to the standard symmetric Ricci ten-
sor 0Rµν ≡ Rµν(V4) in a Riemann spacetime, expressed
entirely in terms of the metric gµν . Hence (C11) reduces
to the usual form for the Einstein equation and so, in
this limit, the geometrical interpretation of EC theory
reduces to general relativity.
Appendix D: Dirac gravitational theory
The precise form of WGT under consideration depends
on the form of the free gravitational Lagrangian den-
sity LG and matter Lagrangian density LM. As an il-
lustration, we consider here (an extension of) the first
scale-invariant theory of gravity to be proposed that can
accommodate ‘ordinary’ matter, which was explored by
Dirac54 in the context of attempting to establish a deeper
physical understanding of his ‘large numbers hypothesis’
relating microscopic (quantum) and macroscopic (gravi-
tational) scales. Dirac originally cast his theory in wholly
geometrical terms, but it can be naturally considered in
the framework of WGT in Minkowski spacetime, as we
show below58. Indeed, the WGT approach allows for a
straightforward generalisation of Dirac’s theory to non-
zero torsion, which we will include50 (thus Dirac’s origi-
nal theory was, in fact, an example of a reduced WGT, as
discussed in Section II N). Our discussion parallels that
carried out by Lewis et al.107 in the language of geomet-
ric algebra, but is presented here in the context of our
more general formulation of WGT.
1. Free gravitational and matter actions
In constructing the free gravitational Lagrangrian den-
sity LG = h−1LG, the requirements of local Weyl symme-
try restrict our choice of LG to the general ‘R2+H2’-form
in (4). The WGT equivalent of the free gravitational La-
grangian suggested by Dirac has the simple form108
LG = − 14ξHabHab, (D1)
in which no ‘R2’-terms appear, and where ξ is a dimen-
sionless constant (usually positive); the factor of − 14 is
included for later convenience.
Turning to the matter action, in addition to some orig-
inal matter field ϕ, Dirac also added a ‘compensator’
massless scalar field φ. In particular, he included a ki-
netic term for φ, a self-interaction term proportional to
φ4, and a term proportional to φ2R that non-minimally
(conformally) couples φ to the rotational gravitational
field strength. Thus, one has
LM ≡ Lϕ + Lφ + φ2LR
= Lϕ +
1
2νD∗aφD∗aφ− λφ4 − 12aφ2R, (D2)
where ν, λ and a are dimensionless constants (usually
positive), and factors of 12 are included for later conve-
nience. The functional dependencies of the Lagrangian
for the matter field ϕ are Lϕ(ϕ, ∂ϕ, h,A,B, φ); note that
Lϕ depends on φ if it includes some interaction term be-
tween φ and ϕ. Indeed, Dirac provided the original mo-
tivation for such matter Lagrangians, varying forms of
which we have adopted in Sections II J, VA and VB109.
The total Lagrangian density is then LT = h−1LT ,
where LT has the form
LT = LM + LG
= Lϕ+
1
2νD∗aφD∗aφ−λφ4− 12aφ2R− 14ξHabHab. (D3)
We note again that the Lagrangian Lϕ is allowed, in gen-
eral, to contain the scalar field φ, and that the total La-
grangian does not contain any derivatives of the h-field.
It is also worth noting that all the coupling constants
(a, ξ, ν, λ) are dimensionless (and usually positive). In
the case of a, Dirac (and others) believed that this im-
plied φ−2 should replace Newton’s gravitational constant
G. Hence, if φ changed with time, tied to cosmological
expansion in some way, then the effective G would also
change with time, thereby allowing his ‘large numbers
hypothesis’ (see the Introduction) to remain true at all
cosmic epochs. In addition, Dirac chose to fix some of
the constants in the Lagrangian so that LT did not con-
tain the dilation gauge field Bµ explicitly (except perhaps
through Lϕ). Here, we will instead retain the more gen-
eral form (D3).
A more profound difference between our approach and
that originally taken by Dirac is that we will consider
the theory in the context of WGT in Minkowski space-
time, rather than as a metric-based geometrical theory,
although the former is easily interpreted in geometric
terms, as discussed in Section IIO. Perhaps more im-
portantly, we will obtain the corresponding field equa-
tions by varying the action (D3) with respect to the four
independent fields ha
µ, Aabµ, Bµ and φ respectively
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whereas Dirac varied his geometrically-interpreted action
with respect to Bµ, φ and the spacetime metric gµν . Our
approach is thus closer in spirit to the Palatini formal-
ism in geometric theories, in which the metric and the
connection are varied independently, as opposed to vari-
ation with respect to the metric alone, assuming a pre-
determined form of the connection. Moreover, as already
mentioned, Dirac chose the latter approach with the con-
nection assumed to have the form given in (131), so that
torsion is zero by construction, whereas our approach
naturally allows for non-zero torsion.
Unsurprisingly, our approach does lead to some differ-
ences in the final field equations as compared with those
obtained by Dirac but, as we will show, these differences
are, in fact, rather minor and the overall structure of the
resulting theory is very similar using either approach.
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2. Field equations
On varying the action (D3), the h-field equation is
found to be
aφ2(Rab − 12δabR) =h(τϕ)ab + [ν(D∗aφ)(D∗bφ)− δabLφ]
−ξ(HacHbc − 14δabHcdHcd), (D4)
where (τϕ)
a
b is the energy-momentum tensor of the mat-
ter field ϕ, and we recognise the second and third terms
on the RHS as the energy-momentum tensors of the
scalar field φ and of the dilation gauge field Bµ respec-
tively.
The A-field equation is given by
a[φ2T ∗cab+δca(D∗b+T ∗b )φ2−δcb(D∗a+T ∗a )φ2] = 2h(σϕ)abc,
(D5)
where (σϕ)ab
c
is the spin-angular-momentum tensor of
the ϕmatter field. It is worth noting that (D5) still holds
if one makes the replacements D∗a → Da, T ∗cab → T cab
and T ∗a → Ta to PGT quantities, although the resulting
equation is clearly no longer manifestly WGT covariant.
Varying the action (D3) with respect to the B-field,
and rewriting the resulting equation of motion in mani-
festly WGT covariant form, one finds
ξ[ 12T ∗cabHab− (D∗a+T ∗a )Hac]− νφD∗cφ = h(ζϕ)c (D6)
where (ζϕ)
c is the dilation current of the ϕ matter field.
It is worth noting that the term proportional to ξ can
be rewritten in terms of PGT quantities by making the
replacements D∗a → Da, T ∗cab → T cab and T ∗a → Ta.
Finally, the φ-field equation has the form
∂Lϕ
∂φ
− ν(D∗a + T ∗a )D∗aφ− 4λφ3 − aφR = 0. (D7)
3. Einstein gauge
As discussed in Section II L in the context of WGT in
general, provided φ 6= 0, the set of field equations can be
simplified considerably by recasting the theory entirely in
terms of scale-invariant field variables defined in (91). As
we showed, however, the resulting field equations in the
new variables are identical in form to those in the original
variables after setting φ(x) = φ0, which is the standard
Einstein gauge condition. Since the latter approach is
more familiar and straightforward, we will adopt it here,
but bear in mind the above equivalence throughout. It is
worth noting that this conclusion precludes Dirac’s orig-
inal hope of substantiating a time-varying gravitational
parameter G and his large numbers hypothesis. To ob-
tain the forms of the field equations (D4)–(D7) in the
Einstein gauge, one merely sets φ = φ0 and makes the
replacement D∗aφ|φ=φ0 = −φ0Ba throughout. It is also
convenient to set a = 1/(κφ20), where κ is Einstein’s grav-
itational constant, which is a dimensionally consistent
identification.
In this case, it is straightforward to show that the h-
field equation (D4) becomes
Rab − 12δabR− δabΛ = κ
[
h(τϕ)
a
b
∣∣
φ=φ0
+ ν(BaBb − 12δabBcBc)− ξ(HacHbc − 14δabHcdHcd)
]
. (D8)
where Λ = λφ20/a = κλ has the correct dimensions of
(length)−2 for a physical cosmological constant. Thus,
one recovers the h-field equation (C2) from standard EC
theory, with the addition of an extra term on the LHS
representing a cosmological constant, and extra terms on
the RHS denoting the energy-momentum of the dilation
gauge field Bµ, which we recognise as that of a massive
vector field (or Proca field) of mass-squaredm2 = νφ20/ξ.
In the Einstein gauge, the A-field equation (D5) be-
comes
T cab + δcaTb − δcbTa = 2κh(σϕ)abc|φ=φ0 , (D9)
where we have written the result in terms of PGT (un-
starred) quantities for later convenience. This equation
is identical to the form (C3) in EC theory. Thus, on
imposing the Einstein gauge, we find that Dirac gravita-
tional theory reduces simply to EC theory, but with the
addition of a cosmological constant and the massive vec-
tor field Bµ. Since the field equation (D9) is algebraic,
rather than differential, we must again conclude that, as
in EC theory, the torsion is non-propagating; this arises
from the free gravitational Lagrangian (D1) not contain-
ing any ‘R2’ terms.
Adopting the Einstein gauge, the equation of motion
(D6) for the B-field reads
ξ
[
1
2T cabHab − (Da + Ta)Hac
]
+ νφ20Bc = h(ζϕ)c|φ=φ0 ,
(D10)
where we have again rewritten the result in terms of un-
starred PGT quantities.
Finally, the φ-field equation (D7) becomes
R+ 4Λ = κ
[
φ0 ∂φLϕ|φ=φ0 + νφ
2
0(Da + Ta + Ba)Ba
]
(D11)
where we have once more written the result in terms of
unstarred PGT quantities.
It is worth re-iterating at this point that, when written
in terms of the scale-invariant variables defined in (91),
the full field equations (D4)–(D7) have precisely the same
form as those in (D8)–(D11) obtained in the Einstein
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gauge, after replacing (in the latter set) the matter field ϕ
and the gravitational gauge fields ha
µ, Aabµ and Bµ (and
hence the PGT covariant derivative and the field strength
tensors Rabcd, T abc = T ∗abc − δacBb + δabBc and Hab
and their contractions) with their scale-invariant coun-
terparts (notated with carets) discussed in Section II L.
4. Dirac matter field
Let us now consider the particular case where the mat-
ter is described by a Dirac field. Following the discussion
in Section II J, an appropriate locally Weyl covariant La-
grangian for the Dirac field is given by
Lψ =
1
2 iψ¯γ
a
↔
Daψ − µφψ¯ψ, (D12)
where µ is a dimensionless parameter. It is worth noting
that µφ has the dimensions of mass in natural units.
The energy-momentum and spin-angular-momentum
tensors of the Dirac field ψ are again given by (77) and
(78) respectively, but with m replaced by µφ. Since Bµ
does not appear in (D12), the dilation current (ζψ)
µ = 0
for the Dirac field. Moreover, since the A-field equation
(D9) in the Einstein gauge is identical to (C4) in EC
theory, from (C10), we again have Ta = 0. Thus, the
equation of motion for the Dirac field is simply
iγaDaψ − µφψ = 0, (D13)
which, in turn, ensures that LM evaluates to zero on shell.
As a result, the trace of the energy-momentum tensor
of the Dirac field is easily found to be τψ = h
−1µφψ¯ψ.
Applying the Einstein gauge condition φ = φ0 to the
above results is trivial.
5. Dilation gauge field as a dark matter candidate
In the Einstein gauge, both the h-field and A-field
equations are identical to those in standard EC theory,
with the addition of a cosmological constant and the di-
lation gauge field. It is therefore worth exploring the
B-field equation in more detail to determine what ad-
ditional physics beyond EC theory (if any) is contained
in Dirac gravitational theory sourced by Dirac matter.
Expanding out the field strengths on the LHS of (D10)
in terms of the B-field, swapping the order of some co-
variant derivatives, and employing the results (C5), (C6)
and (C9) from EC theory with Dirac matter, after a long
calculation one obtains
DaDaBc−RacBa +m2Bc
+2κ[(δcbDa − κhσabc)(hσabdBd)] = 0, (D14)
where we have defined m2 ≡ νφ20/ξ and σabc is the spin-
angular-momentum tensor of the Dirac field (evaluated in
the Einstein gauge). Thus we see that the massive vector
field Ba has a non-minimal coupling to the gravitational
field and only couples to the Dirac matter field through
its spin-angular-momentum. Moreover, in modelling a
realistic matter fluid composed of spin-1/2 particles, one
would expect spin-averaging effects to result in the spin-
angular-momentum that the Dirac field would otherwise
represent being massively diluted. Thus, we expect the
vector field to be only weakly interacting with ordinary
matter and it hence makes an interesting dark matter
candidate. Clearly, in the case where the (effective) spin-
angular-momentum of the matter field vanishes (and thus
so does the torsion), then (D14) reduces to the equation
of motion for a free massive vector field of mass m non-
minimally coupled to the gravitational field.
In closing, it is worth pointing out that, in addition
to automatically containing a candidate for dark matter,
Dirac gravitational theory also provides a natural means
for introducing a cosmological constant term in the grav-
itational field equation (D8). Thus, it would seem worth-
while to explore its phenomenology further, in particular
its cosmological consequences.
Appendix E: Alternative derivation of eWGT covariant
derivative
We present here an alternative approach to deriving
the form of the covariant derivative (143) in eWGT,
which is complementary to that presented in Section III A
and was, in fact, the original route taken by the authors.
In particular, in this approach the Weyl weight w of the
field on which the covariant derivative acts does not need
to be inserted ‘by hand’, but instead arises naturally.
One begins by noting that in the standard WGT co-
variant derivative (20), namely D∗µ = Dµ + wBµ, the
value of w has to change depending on the Weyl weight
of the field on which it acts and this leads to the commu-
tator of two such derivatives being similarly non-unique.
This might all be deemed somewhat displeasing. Thus,
as an alternative, one might instead consider introducing
a vector dilation gauge field (called Vµ to distinguish it
from the field Bµ in WGT) in a different manner, by in-
cluding it in a modified rotational gauge field of the form
(142), namely
A†abµ = A
ab
µ + (Vabbµ − Vbbaµ), (E1)
where Va = haµVµ. In turn, this leads one to introduce
the new derivative operators
D♮aϕ ≡ haµD♮µϕ ≡ haµ(∂µ + 12A†bcµΣbc)ϕ. (E2)
As mentioned at the start of Section III, the PGT mat-
ter actions for the massless Dirac field and the electro-
magnetic field are already invariant under local dilations
with the extended transformation law (137) for the A-
field, in the same way as the are for the normal transfor-
mation law (135). Indeed, this provides a strong motiva-
tion for considering the extended form. This does mean,
however, that one cannot determine the transformation
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law under local dilations of the gauge field Vµ, and hence
either derivative operator in (E2), by the usual technique
of replacing the PGT covariant derivative Da with D♮a in
either the Dirac or electromagnetic field action, and de-
manding invariance under local dilations.
As an alternative, however, one can fix the transfor-
mation properties of Vµ by demanding instead that the
field strength tensor derived from the commutator of two
derivatives transforms covariantly under local dilations.
One finds that the commutator is given by
[D♮µ, D
♮
ν ]ϕ =
1
2R
†ab
µνΣabϕ, (E3)
where R†abµν is the eWGT rotational gauge field strength
found previously and given in (151a). Then, demanding
that R†abµν transforms covariantly under local dilations
with the extended transformation law for the A-field, one
requires that, as found previously, the dilation gauge field
transforms as
V ′µ = Vµ + θPµ, (E4)
where Pµ ≡ ∂µρ. This transformation for Vµ implies
that the modified rotational gauge field A†abµ in (E1),
and hence the field strength tensor R†abµν , are both in-
variant (w = 0) under extended local dilations. One
can then define R†abcd ≡ hcµhdνR†abµν as before, which
transforms covariantly with weight w = −2.
By adopting the transformation law (E4) for Vµ, how-
ever, one quickly finds that D♮µϕ does not transform co-
variantly under extended local dilations, hence explain-
ing our reluctance thus far to call D♮µ (or D♮a) a covariant
derivative. Nonetheless, using the covariant field strength
tensor R†abcd that we have constructed, one can still de-
fine a new scale-invariant theory of gravity identical to
that presented in Section IV, but with ξ = 0 in the free
gravitational Lagrangian LG and ν = β1 = β2 = 0 in the
matter Lagrangian LM, since we have not (yet) defined
the quantities appearing in these terms. By varying the
resulting total Lagrangian with respect to the gauge fields
ha
µ and Aabµ (and also Vµ and φ, if desired, although this
does not yield independent field equations), one obtains
precisely the same equations of motion as those presented
in Section IVA, but with ξ = ν = β1 = β2 = 0. These
equations of motion are covariant under extended local
dilations, despite D♮a not being a covariant derivative.
Indeed, for any covariant field χ (which may be either a
matter field ϕ or φ, or the rotational gauge field strength
tensor R†abcd), inspection of the equations of motion al-
lows one to identify the terms that need to be added
to D♮aχ to assemble the appropriate covariant derivative
D†aχ. In each case, one finds that D†aχ = haµD†µχ, where
D†µ has the form (143), but with the appropriate value of
the Weyl weight w of the field χ picked out automatically.
Similarly, inspection of the equations of motion allows
one to identify the covariant object T †abc. Indeed, once
one has picked out the appropriate form of the eWGT
covariant derivative operator D†a, one can then consider
its commutator (153) and identify T †abc and also H†ab
as further gauge field strength tensors, as introduced
in Section IIID. These can then be added to the total
Lagrangian, as before, to arrive back at the full scale-
invariant gauge theory of gravity discussed in Section IV,
without requiring ξ = ν = β1 = β2 = 0.
Appendix F: Symbols and notation
Since this paper contains a considerable amount of spe-
cial notation, for readers’ convenience we summarise in
Table I those symbols that occur most frequently.
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TABLE I. Frequently occurring symbols and notation used in this paper. We list only those quantities relating to the Minkowski
spacetime interpretation of the gauge field theories; for a discussion of their geometric interpretation in terms of more general
spacetimes and the associated notation, see Sections IIO and III P and Appendix B. See also the discussion of the index
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(Weyl weight w = 0) versions of the quantities listed below are denoted with a caret, for example ĥ µa or D̂
∗
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ab
cd; see
Sections II L and IIIM.
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µhb
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† ab
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† a
c[µA
† cb
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T abc = 2hb
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νD[µb
a
ν] PGT translational gauge field strength
b
T ∗abc = 2hb
µhc
νD∗[µb
a
ν] WGT translational gauge field strength
b
T †abc = 2hb
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νD†
[µ
baν] eWGT translational gauge field strength
b
T ♮abc = 2hb
µhc
νD♮
[µ
baν] eWGT translational gauge ‘semi’ field strength
a,b
Hab = 2ha
µhb
ν∂[µBν] WGT dilational gauge field strength
H†
ab
= 2ha
µhb
ν∂[µ(Vν +
1
3Tν]) eWGT dilational gauge field strength
Reduced A-fields and related quantities
cabc ≡ 2hb
µhc
ν∂[µb
a
ν] PGT Ricci rotation coefficients
c∗abc ≡ 2hb
µhc
ν∂∗[µb
a
ν] WGT Ricci rotation coefficients
c†abc ≡ 2hb
µhc
ν∂†
[µ
baν] eWGT Ricci rotation coefficients
0Aabµ ≡
1
2 b
c
µ(c
ab
c + c
b
c
a
− cc
ab) PGT reduced A-field (when T abc ≡ 0)
0A∗abµ ≡
1
2 b
c
µ(c
∗ab
c + c
∗b
c
a
− c∗c
ab) WGT reduced A-field (when T ∗abc ≡ 0)
0A†abµ ≡
1
2 b
c
µ(c
†ab
c + c
†b
c
a
− c†c
ab
) eWGT reduced A†-field (when T †abc ≡ 0)
Currents and related quantities
L Lagrangian
L ≡ h−1L Lagrangian density
tab ≡ t
a
µhb
µ ≡ hb
µδLG/δha
µ gravitational sector energy-momentum tensorc
sab
c ≡ sab
µbcµ ≡ b
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µ gravitational sector spin-angular-momentum tensor
c
ja ≡ jµbaµ ≡ b
a
µδLG/δBµ gravitational sector dilation current
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aVc − saccVb) gravitational sector eWGT covariant energy-momentum tensor
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µ matter sector energy-momentum tensorc
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ζ†a ≡ ζa − 2sabb gravitational sector eWGT covariant dilation current
c
a Reduced versions of quantities (which result when the corresponding translational gauge field strength vanishes) are denoted by a
preceding zero superscript, for example 0Da or 0Rabcd, and are obtained by replacing A
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µ or A†abµ by the corresponding reduced
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